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ABSTRACT

The paper builds the actuarial pricing models of reverse mortgages. The CIR model and jump diffusion model are
used to describe the stochastic processes of interest rate and the growth rate of housing value, respectively, and
through Monte Carlo simulation, the annuity payments of reverse mortgages with redemption option and no
redemption option are obtained. An important conclusion is that the embedment of the redemption option will reduce
the level of payment of reverse mortgage to a large extent; however, the payment till can supplement the social
security benefit.
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INTRODUCTION

In the context of aged population, it is a reatigiption for the government to implement the hogsieverse
mortgage (RM) so as to relieve the fiscal pressuné supplement the drop or insufficiency of sos@turity
income. On one hand, with the continuous increasbe dependency ratio for the aged populationdtbe in the
social security income becomes an inevitable trendneet the goal of macro actuarial balance, sorder to
prevent the poverty of the aged population andantae the sufficiency of the retirement income,gblcy maker
shall explore other retirement income sources fakernup. On the other hand, the residents in Chivarelatively
high housing self-ownership rate. According toitheestigation of Chinese Academy of Social Scietice,housing
self-ownership rate of the families in China in 30®ached up to 90%, 30% higher than the worldagetevel.
Under the precondition of not affecting the rigtitdwelling of the retirees, RM can not only helge thetirees
transform the housing into income flows to supplbeir retirement lives and solve the liquidity pieinent which
has been described as “with house but without ¢aslit’ also provide the longevity risk guarantegh® retirees
with the payments as a life annuity. Thereforeyiit be of great significance to solve the sociehpion problems
with RM in China from the actual need of establighihe multi-pillar pension system.

However, RM is being confronted with some practichéllenges in China. Different from the traditibf@me
mortgage, the payment of RM depends on the houshg at maturity (usually the house owner dieskeréfore,
no matter the lender (such as the insurer) or theotver (housing owner) is confronted with the siskat housing
value at term does not conform to the accumuldtae amount. Specifically speaking, these risk&uhe housing
price fluctuation risk, interest rate risk and lewmiy risk. In addition, the bequest motive in Ghiis also a key
factor confining RM [1]. So the trial RM in somegiens in China is embedded with the clauses reggrdi
redemption options, namely when the contract egpifehe housing value exceeds the accumulatiga Emount,
the housing owner or its children can select red#emhouse, in this way, it can help the borrowaniaate the
worry about the rise in housing price and the hagisiot functioning as the bequest. So it is impurta compare
the annuitized payment of RA with redemption optionwithout redemption option, and further analy#esther the
RA can supplement the social security benefitsobr n
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Based on this, this paper calculates the pricinBMfwith redeemable option and non-redemption aptinder the
condition of actuarial neutrality. The remainder tbfs paper is organized as follows. The next esacts the
literature review. In section 3, we describe thedan process of changes in which the interestamatiethe housing
price growth rate with CIR Model and the jump-d#ion model correspondingly, and calculate the payjyroéRM
with redemption option and non-redemption optiodemthe actuarial condition and make the sengjtiaitalysis.
The final part is the conclusion.

2. Literaturereview

In terms of RM pricing, what one concerns mosthis thange in housing price. It is held by so matgiss
adopting the continuous time model that the houpiice obeys the geometric Brownian motion [2-Zweaver, it
is held by the latest study that the housing pgdakes on relatively great jump, which is studigtken et al. [4].
Based on this, Lee et al. described the dynamiagdsin housing price with jump-diffusion model.[Bf to the
random behavior of the interest rate, Vasicek maahel CIR model are most widely adopted; howevelsidé&k
model may meet with the negative interest rateCB® model is adopted in most studies [5-6]. Sirfoe éxisting
RM pricing mainly adopts the periodic life tablessulting in little description of the longevitysk, Lee et al.
adopts the model established by Lee and Carteo[dgscribe the risk [5]. Generally, the studiesv@mentioned
mainly make RM price from the prospective of acilaneutrality and focus on the influences of tlaadom
process of three risks above mentioned on RM pgjcwhich lay a theoretical foundation for the stumty RM

pricing. However, the redemption option of RM iddeen taken into account and the individuals’ witk§

participation in RM is not analyzed. Some studie<hina just simply describe the interest rate nedhousing
price growth rate, and the jump-diffusion processhe changes in housing price has not been indolueRM

pricing. Although a few of researchers have considéhe redemption option [8], however, the actlaricing of
RA with redemption option considering stochastiocqasses of the changes of interest rate and hoigseiprare.

Based on the foregoing studies, this paper desctitgestochastic processes of the interest rat¢hanttbusing price
growth rate in China with CIR Model and Jump-Diffus Model correspondingly and then estimates thampaters
of the above-mentioned models with Generalized bikthf Moments (GMM) and Maximum Likelihood Method
(ML) respectively. Based on it, this paper simuatee annuity payment of RM with redemption optiamd
non-redemption option under the actuarial conditiath Monte-Carlo method.

3. RM pricing under the condition of actuarial neutrality

3.1 Theoretical model

(1) Actuarial model for RM

In RM contract, the old housing owner, with the ®property as the mortgage, obtains the annuitynpat flow
in lump sum or the fixed annuity payment flow, ahi not necessary for the borrower to repay thieuity in the
period of residence till death, house selling ommment moving out of the house, at this momen, dbntract
expires, the borrower repays the principal, intesesd other expenses of the loan with the incomenfhouse
selling. This paper mainly evaluates the reversegage (RM) loan repaid with the life annuity, whican protect
the longevity risk of the retirees and is the baiafsupplementation of the payment for the sosedurity. In RM,
the insurance agents provide the life fixed annpétyment flow to the old housing owner until therbaver dies.

Under the actuarial conditions, according to tlalittonal method, RM pricing can be indicated ttred present
value of the expected income of the borrower isaéda the one of the expected expenditure; in asao
redemption option, it can be indicated as:

w-xy+1 W%y +1
> HOUg, "= 3 AnLp, & @

Where H(t) is the housing value in tinle t=1,...w—x,+1, w is the max. age of survivaly, is the age of

the retiree participating in RM,q, =, p, -...P,, is the probability of death of the retiree agegin time t and
W%+l

Z .4y, =1, r, is the loan interest rate of continuous compounteirest, A(t) is the payment of fixed annuity
t=1

in each time. According to (1):

A(t) _ (miﬂH (t) qqx @7@ J/(WiﬂK px E—tm J (2)

t=1

However, the pricing method above-mentioned ignores important clause in RM contract, namely “ncergse
clause” and some actuarial analysis does not takgtoblem into account [6] [8]. It implies thahen RM contract
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expires, even if the housing value is lower thadbcumulative amount of loan, as to the insufficie the lender
has no right of recourse to the assets of the @mran other form. Therefore, in RM contract, tlender is
confronted with the risks that the housing valueas so sufficient to repay the accumulative amaafnioan in

expiration of the contract, as is an important oeashy the financial institutions feel an objectimncarry out RM
[5]. In order to encourage the financial institagoespecially the insurers to provide RM produtts,government
often allows them to charge an additional premiwmcoémpensate the potential conditional losses. efbe,

considering the no-recourse clause in RM contithet, present value of the insurance premium colieble the

lender due to the right of non-recourse shall heaktp the present value of the expected lossteifuture.

Given the lender allocates the premium to eaclalinsént equally, the extra premium occurred in easkallment
due to no-recourse clause shall be:

P() = {mf [BAL(Y) - H()]" (g, & j / (mf P& j ©

t T
BAL(t) is the accumulative amount of loan in installment indicated asBAL(t)=ZA(i)Ee , when the
i=1

borrower dies in installment and BAL(t) > H(t), BAL(t)—H(t) is the loss of the lender in installment

Therefore, in case of no redemption option, acogrdd Formula (2) and (3), the fixed annuity paidite borrower
in each installment i&(t) — P(t) .

In case of redemption option, given the cost oéreption option is also allocated to each installinesenly, to the
lender, the cost to be collected for the redempdigtion in each installment shall be:

WXy +1 wW—Xy+1
() =( >, [H(t) -BAL(®)]" Qg (& ) / ( 2. P EN) 4
t=1 t=1
When the borrower dies in installmemt andH (t) > BAL(t) , the borrower’s children can select to redeem the
housing, andH (t) - BAL(t) is the bequest the borrower leaves to its childfena result, in case of redemption
option, the fixed annuity paid to the borrower atk installment shall b&(t) — P(t) - 7(t) .

(2) Interest rate model
CIR Model is adopted here to describe the flucturatf interest rate in continuous and disperse fandicated as:

dr (t) =k, (4 —r(©)dt +0,/rOdW, (1) (5)
rE+A0) =1 () =k (4 ~r ()AL +0,r (AW, (1) (6)

Where, W, (t) is a standard Wiener process\WW can be deemed as a normal variable with the me@rand the
variance of dt, k, (4 and o, are the constants, among whiglj is the long-term mean value of the interest
rate, g, is the fluctuation ratio of the interest rate akd is the regulating speed.

Therefore, E(dr) =k (4 —r(t))dt,var(dr)=0? @ ).

Furthermore, Formula (6) is written as:
r)-rt-)=a+pL0QE-D+e() (7
Based on Formula (7)k, 4 ando, need to be estimated; aB¢s(t)) =0, var(e(t))=07 [ ¢-2).

(3) Housing price model
Jump-diffusion model is adopted to describe thetfiation of the housing price in China, which canrdicated as:

dWH = pdt + odW+JdN (8)
In jump-diffusion model, the instantaneous earnig of the assets is composed of a simple diffupi@cess and
random jump item, among whicly, ¢ and dW are same to the ones in CIR Model, N is the Poigsooess with

the intensity A, namely P(dN =1) = Adt, P(dN =0)=1-Adt, 3 is the amplitude of random jump, indicated
with the percentage of alteration in price.

Formula (8) is subject to logarithm, then:
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d(InH) = dt + o+/tdz+ JdN (9)

Whereu = ,u—%az, dz~ N(0,1), J is the jump amplitude, indicated with the logamitlof the percentage of the

alteration in price of the assets in jump plusdl-~ N(8,6%°) and N ~P(A).
Formula (9) is discretized, then:

NY
In(H,) =In(H,,) = 1z + o + 3" b, + 0, + ",
i=1 i

i=1
Where 1 is the time interval indicated with the yeay, ~N(0,1), J, ~N(,,5,°), N, ~P(:A), u =ur,
o, =0T, 6. =6r and o, =0T .

(10)

Then, in t time, the change of housing price in continuouspounding with the time interval of is:

r, () =In(H,)~=In(H_,) = & +o.n, +§:Ji 11)

3.2 Parameter estimation and Monte Carlo simulation

(1) Parameter estimation of interest rate model

The data about the interest rate are from the nhmtbighted mean inter-bank offered rate from Je98 to Dec.
2013 in CSMAR, totally 192 data. The interest liateansformer into continuous compound interest.

The above-mentioned data is regressed with GMMjrisigumental variable is setB& (t —1), with the regression
results shown in Table 1.

Table 1 Estimated results of Formula (7)

Parameter| Estimated value  Standard deviationapprox Pr>|
a 0.002429 0.000712 0
B -0.109345 0.028349 0
o? 1.5560E-05 0.003934 0

It can be seen that all of the parameters in Fanin) pass the significance test at the signifiealevel of 1%;
furthermore, the estimated values of three paramedte Formula (5) can be obtained, namety0.10934F,
4 =0.022214 and o, =0.00394¢t respectively.

(II') Parameter estimation of housing price model
The data about the housing price are from the nhpitita of the housing price indexes in China fréam. 1994 to
Dec. 2011 issued by National Bureau of Statistioslly 216 data. Based on Formuylgt)=In(H, /H, ). the

earning rate of continuous compound interest ohigsing price can be obtained in each month.

In jump-diffusion model, 5 parameters shall bereated. Compared with the parameter estimationtefraandom
processes, the parameter estimation of jump-ddfusnodel is more complicated. In the estimation hods,

although the maximum likelihood method has gredt#iculty in calculation, it is more effective thathe GMM

because the latter may meet with the problem ofaamvergence [9]. Some studies adopt non-pararastanation
method, such as Johannes [10] and Mancini and [REtjo This paper tries to adopt Conjugate Gradianthe

maximum likelihood method for estimation just bexaut is one of the most effective methods to eetiie

large-sized non-linear optimization problems. Theameter estimation results under the conditionooivergence
are finally obtained through 110 iterations (Sebl@2).

Table 2 Parameter estimation results of Formula (11)

Parameter| Estimated valye t value Approx pr>‘t‘
A 1.206 6.83658 0
My 0.042951 6.349007 0
H, 0.00328 1.236449 0.22
W2 0.02058 1.763494 0
32 0.018613 13.68603 0

186



YanxiaZhuand Li Gong J. Chem. Pharm. Res,, 2014, 6(6):183-189

It is shown by the results that other parametess plae significance test at the significance lefel% except the
mean 4, of the jump amplitude.

(IIT) Monte-Carlo simulation for RA pricing

Given the value of the housing of the borrower te beginning of period is RMB 1,000,000 Yuan, ahd t
Experience Life Table of China Life (2000-2003)&ddapted to calculate mortality rates. Since thearpater
estimation of CIR model of interest rate adoptsrible-free interest rate of interbank lending, withich an interest
rate premium needs to be added to obtain the lttaneist rate, usually higher than the risk-freerigst rate. Here it
is firstly supposed the interest rate premium BB According to the housing price fluctuation ralpdéhterest rate
fluctuation model and RM pricing model under thduacial condition for the above-mentioned estimatiave
calculate A(t), P(t) and 7(t) with Monte-Carlo method. After the simulation fb®00 times, the fixed payment

to the borrowers at different ages participatin@RM in each year is shown in Table 3.

Table 3 Pricing for RM of the borrowersat different ages (RMB Yuan, %)

1) (2

Sex | Age| A() P(t) 0 | an-po) | AG-PO -t | @O
60 | 59401.8| 13084 31609/p  58093.4 26483.8 156
Male |65 | 69970.6] 2620.0 3462803 673504 32722.3 18.6
70 | 85273.4| 5148.] 39023/4  80125. 41101.9 51.3
75 | 106707.7] 9938.6 451850  96769.1 51584.1 58.3
55 | 45965.5| 324.8] 277070  45640.1 17932.8 39.3
60 | 53425.0| 639.8] 304670 527854 22318.2 423
Female| 65 | 62341.0| 1312.3 33144/  61028.4 27884.1 45.7
70 | 75564.6| 27914 370658  72773.4 35707.4 49.1
75 | 94352.9| 5960.3 424414  88392.4 45951.2 52.0

It can be seen from Table 3:

No matter the men or women, the annuitized payro&iRM with redemption option is far lower than tbee of
RM without redemption option. For example, as te thale housing owner aged 60, the annual paymeriRNb
with redemption option is RMB 26,484 Yuan, only a@lent to 45.6% of the payment for RM without regeion
option. However, considering the benefit the ergstsocial security including the social pooling ahd individual
accounts provide, the sum of them can realize @08t of the income replacement rate, which can gueeathe
retirees maintain the living standard before retiat. It can be seen that even though the redempfition results
in the reduction in payment of RM to a large exténtan also provide the sufficient supplementatio the social
security benefit.

With the increase of age when the borrowers pagtaig in RM, the ratio of the payment of RM widdemption
option to the payment of RM without redemption optincrease as well, when the borrower is at tleed @5, 70
and 75, this ratio rises by 3%, 5.7% and 7.7% retspy.

The payment to the female borrower participatindRM is commonly lower than the one to the male twer; as
to the female borrower aged 55, the payment of R wedemption option is less than RMB 18,000 Yeaerry

year and the ratio of the payment of RM with redBampoption to the one without redemption optiomidy 39.3%.
Since the payment will not be adjusted with thdaindn rate or the growth rate of the social averagge, it is
predicted that the insufficiency of retirement im@ may take place in the later stage after retirtndist like the
male borrower, the ratio of the payment of RM witdemption option to the one without redemptionicpt
increases with the age in same manner; howevéo, the female borrower at the same age, this mtt@mmonly

less than the one of the male borrower. For ingtaas to the female borrower at the age of 6076%nd 75, this
ratio is respectively 3.3%, 2.9%, 2.2% and 1.3%edowhan the one of the male borrower. However, Wl

increase in age, the gap between the ratio of thle morrower and the female borrower is being redusecause
the lower mortality rate of the female borrowerrthhe one of the male borrower. Therefore, the geurthe

borrower participating in RM is, the lower the fikpayment.

3.3 Sensitivity analysis

(1) Sensitivity analysis of alteration in the medrinterest rate

The interest rate risk is an important issue inithglementation of RM and even its minor changd hdlve great
influences on RM pricing. Here the male and femademal borrowers aged 60 are regarded as the c@supar
reference to analyze the influences of the chamgetérest rate on RM with redemption option ang ¢dhe without
redemption option through expanding the premiumvbenh the loan interest rate and the interest fa®mwowing
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money among banks.

It can be seen from Table 4 that the increasean loterest rate will significantly reduce the panhfor RM with
redemption option and the one without redemptiotioop in addition, with the expansion of the intgreate
premium, the amplitude of drop in payment for RMhuiedemption option exceeds the payment for RMhauit
redemption option. When the difference betweeridha interest rate and the interbank offered rateeds 6%, the
payment of RM with redemption option to the malerbwer is only RMB 16,000 Yuan while the one to female
borrower is less than RMB 14,000 Yuan, respectivetucing by 39% and 38%. Due to no inflation atiesnt, it
can be forecast that it is difficult for the payrheh RM with redemption option to provide the soiint retirement
income supplementation to the retirees with thegase in age of the participants in case of high laterest rate.

Table4 RM pricing in expanding interest rate premium (RMB Yuan, %)

. @) @)

Sex Margin|  A(t) P(t) 7i(t) A -P) | Al)-P() - 7(t) (2)/(1)
100BP | 52932.5 2599.5 2714914  50333.0 23183.6 4p.1
150BP | 50244.4 3309.0 25433|3 46935.4 21502.1 45.8
Male | 200BP | 47824.5 4057.9 24053}4 43766.6 19713.2 4p.0
250BP | 45583.20 4807.5 22786|9 40775.y 17988. 8 44.1
300BP | 43123.8 5558.6 21518{4  37565.2 16046.8 4p.7
100BP | 46711.6) 1483.0 254127 45228.6 19965.9 44.1
150BP | 44073.5 2012.5 23555|9 42061.0 185065.1 44.0
Female| 200BP | 41328.5 2579.0 21763|1 38749.5 16986.4 4B.8
250BP | 38753.3 3160.8 20180}7 35592.5 15411.8 4B8.3
300BP | 36208.3 3698.4 18691|9 32509.9 13818.0 4p.5

(2) Sensitivity analysis of change in the meanafding price growth rate

The change in housing price growth rate also hawitant influences on the payment for RM. Theoegdiyc the
higher the growth of housing pricing, the highee frayment of RM with redemption option and the wrthout
redemption option, which is just verified by theaolges in payments in Table 5. Without change ictdiation and
jump, Table 5 shows the influences on the paymérRM when the mean of the housing price growth rate
fluctuates about 1~2%. When the mean of the hoysilegng growth rate increases by 2%, the paymetihé¢ male
and female borrowers for RM increases to RMB 37,24@n and RMB 31,554 Yuan, with the growth rate26%o
and 41% respectively compared to the referenceatiee of the payment of RM with redemption opteamd the one
without redemption option respectively drops by%4.a8nd 5%; while the mean of housing price growtk drops
by 2%, the payment of RM with redemption optiorthe male and female borrowers drops by 37-38% vihide
ratio of payment of RM with redemption option ar tone without redemption option does not changeatty;
among 0.5~1%.

Table5 RM pricing in change in the mean of housing price growth rate (RMB Yuan, %)

@ )

Sex change of Hy A(t) P(t) ) A(t) - P(t) At) - P(t) - i(t) (2/(1)
0.02 90155.6] 105.3] 52833/7 90050.3 37216.6 41.3
Male 0.01 72339.5] 562.5] 401233 71777. 31653.7 44.1
-0.01 48260.9] 2272.% 24844)0 45988.4 21144.4 46.0
-0.02 39842.6| 3226.¢ 20144)9 36616. 16471.1 45.0
0.02 84701.5 20.8 53126.3 84680.7 31554.4 37.3
Female 0.01 66958.0] 202.6/ 399586 66755.4 26796.8 40.1
-0.01 42766.9] 1243.1 23505)5 41523. 18018.3 48.3
-0.02 34072.5] 1905.¢ 18198]1 32166.9 13968.8 48.4

CONCLUSION

The paper builds the actuarial pricing models ekrse mortgages with and without redemption optidme CIR
model and jump diffusion model are used to desdtieestochastic processes of interest rate angrtweth rate of
housing value, respectively, and through Monte &aitnulation, the annuity payments of reverse nawés with
redemption option and no redemption option areinbth The embedment of the redemption option willuce the
level of payment of RM to a large extent; howetbe amplitude of reduction will fall down by degsewith the
increase in age of the retiree. In addition, thgnment of RM to the female borrower is lower thaa tine to the
male borrower; with the rise of loan interest ratel the drop in housing price growth rate, paynignRM drops
down, the gap in payment of RM with redemption optand the one without redemption option expandgeds
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