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ABSTRACT

In this paper, we study one kind of Markov Skeleton processes, nonhomogeneous (H,Q) processes, and we
mainly focus on their distributions and moments of the first entrance time. With detailed analysis, we obtain their
recursive formula and some related properties. And as one kind of nonhomogeneous (H;Q) processes,
Nonhomogeneous Semi-Markov Process, we study it’s distributions and moments of the first entrance time, and
we also obtain their recursive formula.
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INTRODUCTION

In applied probability fields, we usually find that there are a large class of stochastic processes which are not Markov
Processes(MP), but there exist a sequence of stopping times ( n ), at which the stochastic processes have the Markov
property. Stimulated by this discovery , Hou et. al [1,2] named them Markov skeleton processes (MPS). Usually, MP
can be regarded as a special case of MSP.

One of the result in Hou et.[2] is about the minimal nonnegative solution of the “backward equation” which is
determined by two variables called binary characteristic (H,Q), and through (H,Q), the nonnegative solution can
expressed by an explicit formula. We also call such kind of process as (H,Q) process. And homogeneous (H,Q)
process and some application have been studied in [2]-[7] that provide some preliminary theoretic foundation, while
as the process being nonhomogeneous, it will become more generous. In this paper, we will discuss the distributions
and moments of the first entrance time for the nonhomogeneous (H,Q) pocess and their application in
nonhomogeneous semi-Markov process
.
The remainder of this paper is organized as follows. Section 2 gives the definition of nonhomgeneous (H,Q) process.
Section 3 discusses their distributions and moments of the first entrance time and some related properties. In section 4,
we discuss their application in nonhomogeneous semi-Markov process

NONHOMOGENEOUS (H,Q) PROCESS
Let ),,( PF be a complete probability space, X )}(0),,({   ttX is a stochastic process defined on

),,( PF with values in ( ,E ), where ),( E be a measurable space.
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Definition 1 A stochastic process )}(0),,({   ttXX is called a nonhomogeneous (H,Q)- process, if

there exists a sequence of stopping times 0}{ nn which satisfying the following properties,

(i) eaPnn
.,lim,0 210 


  ;

(ii) )]0(,,),(,),(,)([ 111 XXXtAtXE nnnnnnn   

= )](,)([ 1 nnnn XtAtXE    = ;,0,0),),(,()1(   AtnAXth n
n

(iii) )]0(,,),(,),(,)([ 1111 XXXtAXE nnnnnnn   

= )](,)([ 11 nnnn XtAXE    = .,0,0),),(,()1(   AtnAXtq n
n

For fixed A, ),,()( Axth n and ),,()( Axtq n are measued functions about the variables t and x ; and for fixed t and
x , ),,()( Axth n and ),,()( Axtq n are quasi-distributions on ( ,E ).

Let ),,(lim),( )()( AxtqAxq n

t

n


 , then by (iii), we know that )0()}({ nnX  is nonhomogeneous Markov process

with staionary transition probabilities },),,({ )(  AExAxq n .

Intuitively, we decompose the process X into denumerable parts 11 }),,({   nnn ttX  by a series of

increasing Markov times 0}{ nn , and nonhomogeneous (H,Q) process is determined by )),,(( )( Axth n and

)),,(( )( Axtq n . Obviously, nonhomogeneous (H,Q) process include a kind of process with more conditions.

Suppose HA, are closed subsets of E , and A . In what follows, we define some series of function with
indexed as follows.
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For 0,  Nn and ,2,1p , letting
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)( xXtPtf nAHnAH
n

xAH    ),)0(()( xXtPtf AHxAH  

),()( )(

0

)( tfde n
xAH

tn
xAH

 

 )()(
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tfde xAH
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xAH
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)()( )(

0

, tfdtm n
xAH

ppn
xAH 


 , )()(

0

)( tfdtm xAH
pp

xAH 


 ,

and ).)0()(()0( )0(* xXPmf AHxAHxAHxAH  

In what follows, we suppose for  Btn ,0,0 , nonhomogeneous (H,Q) process X satisfies the following
equations:

)]()([])((   nnn XBXENBXE
n




,

][])([],)((  
nnn

NtENBXENtBXE nnnn 
 ,

where, }.0},);({};{{  ttssXBtBN n
n




DISTRIBUTIONS AND MONMENTS OF THE FIRST TIME
In the following, we will discuss the distributions and moments of the first time for nonhomogeneous (H,Q) process.
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Theorem 1 For nonhomogeneous (H,Q) process, )(tf iAH , )( iAH and )(tm p
iAH satisfy the following equations

respectively,

))(()( )(
1

tftf n
iAHniAH 


 , ))(()( )(

1
 n

xAHnxAH 


 , )( ,

1
)( pn

xAHn
p
xAH mm 


 .

Proof: Their definition implies that the three questions above are true.

We now introduce the following Lemma (the proof referring to [6],page 97).

Lemma 1 ,1n and B , then

])([)]()((  
nn

NBXENBXE nnn 


Where )( n
n

N 

 is the smallest  region including 

n
N


and )( n .

For ,2,1n , letting

;,2,1),)()((),(   kxXBXPBx kkk 

;,2,1,0),)()(,(),( 11  
 kxXBXPBx kkkAHk 

;),)0()(,(),(),( 110 xXBXPBxBx AH  

);)0(,0,(),( 1 xXtPBx AHAH  

;1,2,1),)(,()( 1
),(   nkxXtPtf knAHnAH
nk

xAH 

);()( ),(

0

),( tfde nk
xAH

tnk
xAH

 

 .,2,1),(),(

0

),,(  


ptfdtm nk
xAH

ppnk
xAH

Lemma 2 For any )(\ HAEB  and ,2,1,0k , we have the following equations

),(),(])(,)(( 111 dzxBzxXBXP kkkkAHk    

Proof: ))(,)(( 11 xXBXP kkAHk   

= ])()]()([,[ 111
1\

xXNBXEE kkkkAH
k

  





= ])()]()([,[ 111 xXXBXEE kkkkAH  
 

= ))()(,())()(( 111! xXdzXPzXBXP kkkAHkk  



 

= ),(),(1 dzxBz kk   .

Lemma 3 For fixed Nn , we have the recursive formula as the following

),,())((),()( 1
)1,1(

)(\

)1,(
, dyztfdzxtf k

nk
yAHHAEk

nk
AxH 





   

And then for 1,,2,1  nk  , we have

),,())((),()( 1
)1,1(

)(\

)1,(
, dyztdzxt k

nk
yAHHAEk

nk
AxH 





   

),,())((),()( 1
),1,1(

)(\

),1,(
, dyztmdzxtm k

pnk
yAHHAEk

pnk
AxH 





   

Proof: ))(,()( 1
)1,(

, xXtPtf knAHnAH
nk

AxH  
 

= ))(,),(\)(( 11 xXtHAEXP knAHnAHk   

= )](,),(,[ 111 kkknAHnAH XXtE  
 ])((}{)}(\)({ 11

xXdPII kHAEX kAHk


  

= ])(,( 11)(\
yXtP knAHnAHHAE

   ])(,)(( 11 xXdyXP kkAHk   
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= ])(,)(())(( 11
)1,1(

)(\
xXdyXPtf kkAHk

nk
yAHHAE

 


 

= ).,())((),( 1
)1,1(

)(\
dyztfdzx k

nk
yAHHAEk 




 

We have equation (4) immediately by taking Laplace-Stieltjes transformation about equation (3), and then we get the
equation (5) considering the definition of pnk

iAH m
),1,(  .

Letting ))0()(,,(),,( 11
* xXBXtPBxt AH   , we have the theorem as follows,

Theorem 2 )}({ )( tf n
iAH are determined by the following recursive formula,

),,(),(),()( *
1)(\

)1(
, dzxtAzxttf

HAEAxH    

).,())((),()( 1
)1,1(

)(\

)1(
, dyztfdzxtf n

yAHHAE

n
AxH   



 

Proof: ])0(0,()( 1
)1( xXtPtf AHAHxAH  

= ])0(0,( 1 xXtP AHAH   + ])0(,( 1 xXtP AHAH  

= ])0(,(),( 1 xXtPxt AHAH   .

While ])0(,( 1 xXtP AHAH   = ])0(,,)(( 111 xXtAXP AH  

= ])0()](,,)([[ 1111
1

xXNtAXEE AH   


= ])0()]()([,,[ 1111
1

xXNAXEtE AH   


= ])0()]()([,,[ 1111 xXXAXEtE AH   = ),,(),( *
1)(\

dzxtAz
HAE

  
.

Then we have ),,(),(),()( *
1)(\

)1(
, dzxtAzxttf

HAEAxH    
, and then we get the recursive formula about

1),()(
, ntf n
AxH immediately by letting 0k in the proof of Lemma 3.

Theorem 3 )}({ )(  n
xAH are determined by the following recursive formula,

),,(),(),()( 1)(\

)1( dzxAzx
HAExAH    

).,())((),()( 1
)1,1(

)(\

)1( dyztdzx n
yAHHAE

n
xAH   



 
Where, ),,(),(

0
xtdex t  

 and ),,,(),,( *

0
AxtdeAx t  



Proof :We get the conclusion directly by taking Laplace-Stieltjes transformation for ).()(  n
xAH

Theorem 4 }{ , pn
xAH m are determined by the following recursive formula,

),,(),(),( *
1)(\00

,1 dzxdtAztxdttm
HAE

ppp
xAH    



).,()(),( 1
),1,1(

)(\

,1 dyzmdzxm pn
yAHHAE
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Proof : The definition of pn

xAH m
, and Theorem 1 imply that the conclusions in above Theorem is true.
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APPLICATION IN NONHOMOGENEOUS SEMI-MARKOV PROCESS
Definition 2 The matrix ),),(()( EjitQtQ ij  is called Semi-Markov matrix, if for any )(,, tQEji ij has the

following properties.
(iv) 0,0)(  ttQij and  

ttQijEj
,1)(

(v) )(tQij being a nondecreasing and right continuous function, )(  t ;

Definition 3 The stochastic process )}(0),,({   ttXX is called a nonhomogeneous Semi-Markov

process, if there are series of stopping time 0}{ nn which satisfy,

(vi) eaPnn
.,lim,0 210 


  ;

(vii) eaPtXtX nnn .,),,(),( 1   ;

(viii) }2,1,0),,({  nXX nn  being a nonhomogeneous Markov chains, i.e.

,2,1),)()(( 1
)(   niXjXPP nn
n

ij 

Proposition 1 Assume that )}(0),,({   ttXX is a nonhomogeneous Semi-Markov process, and for

,2,1n , letting ),)(,)(( 11
)( iXtjXPQ nnnn
n
ij    then )()( tQ n

ij is Semi-Markov matrix.
Proof:We omit its proof for it being trivial.

Proposition 2 If )}(0),,({   ttXX is a nonhomogeneous Semi-Markov process, then about the series of

the stopping times 0}{ nn and )),,(( jithn and )),,(( jitq n , X is a nonhomogeneous ),( QH -Process.

Proof: ))(,)(( 111 iXtjtXP nnnn   

= ))(],[,)(( 1111 iXtinjumpnoistherejtXP nnnn   

= ])(],[(1[ 111 iXtinioffleavesXP nnnij   

= )])((1[ 11 iXtP nnnij    = )](1[ )( tQ n
ikEkij  

 = ),,( jithn .

For the convenience, we suppose that E is a numberable set, and }0),({  ttXX is nonhomogeneous

),( QH -process about the stopping time 0}{ nn .

Lemma 4 If }0),({  ttXX is a nonhomogeneous Semi-Markov process, then we have the equations as the
following,

))0()(,(()()( iXtXPtf nAHAH
n

iAH   ;

,2,1,),( )(  
kPBi k

ikBkk ; 0),( it , }{),( BiIBi  .

Proof: We have the result above immediately base on their definition.

Theorem 5 If }0),({  ttXX is a nonhomogeneous Semi-Markov process, then for ,2,1p , we have
the following equations,

))(()( )(
1

tftf n
iAHniAH 


 , ))(()( )(

1
 n

iAHniAH 


 , )( ,

1
)( pn

iAHn
p

iAH mm 


 .

Proof: The proof is trivial by considering their definition.

Lemma 5 If }0),({  ttXX is a nonhomogeneous Semi-Markov process, then for fixed

),1( nn sequence )}({ )1,( tf nk
iAH

 satisfy the following recursive formula,
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1,,2,1)),(()( )1,1()1(
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)1,(  
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nk
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= ))())(,())(( 11

)1()1,1(
)(

iXzXPPtf kkkAH
k

zjz
nk

jAHHAj
 




  

= ))())(())(( 1
)1()1,1(

)(
iXzXPPtf kk

k
zjz

nk
jAHHAj





  

= ))())(())(( )1()1,1(
)(

iXzXPPtf kk
k

zjz
nk

jAHHAj


  

= }{
)1()1,1(

)(
))(( iz

k
zjz

nk
jAHHAj

IPtf 



 = ))(( )1,1()1(

)(
tfP nk

jAH
k

ijHAj


 .

For  ,2,1,,2,1  pk , and ,0 we let

))(,)(()( 1
)*( iXtjXPtQ kkk
k

ij   , )()( )*(

0

)*(

tdQeQ k
ij

t
k

ij
 

 ,

)()( )(

0

)(

tdQeQ k
ij

t
k

ij
 



)()*(

0

),*(

tdQt k
ij

p
pk

ij 


 , )()1(
0

)(

tdQt ij
p

p

ij 


 .

Theorem 6 If }0),({  ttXX is a nonhomogeneous Semi-Markov process, then we have

(a) Letting }),({, )(
0 Eitfiz n

iAH  satisfy the following equations,

)()( )1()1( tQtf ijAjiAH  
 , )()(()( )1*()(

)(1
)1(

1
tQPtf n

jzAj
k
zzHAz

n
k

n
iAH nkkk




  


(b) As for )(tf iAH , we have

)()()()( )*()(
)(

1
12

)1(
11
tQPtQtf n

jzAj
k
zzHAz

n
knijAjiAH nkkk   








Proof: ))0(0,()( 1
)1( iXtPtf AHAHiAH  

= ))0(,( 1 iXtP AHAH   = ))0(,)(( 11 iXtAXP   = )()1( tQijAj 

),(),())(()( 1
)1,1(

)(
)1( zijztftf

z
n

jAHHAj
n

iAH    




= }{
)1()1,1(

)(
))(( zizjz

n
jAHHAj

IPtf 



 = ))(( )1,1()1(

)(
tfP n

jAHijHAj



Base on Lemma 5, we get the following result by iteration for above equation.

))()(()( )1,()(
)(1

)1(
1

tfPtf nn
AzH

k
zzHAz

n
k

n
iAH nkkk







= ))(,()( 1
)(

)(1 1 nnnAHnAH
k
zzHAz

n
k zXtPP

kkk
   

= ))(,)(()( 11
)(

1 1 nnnn
k
zzHAz

n
k zXtAXPP

kkk
   

= )()( )1*()(
1 1

tQP n
jzAj

k
zzHAz

n
k nkkk


  



While Theorem 5 implies that the result (b) is true.

Theorem 7 If }0),({  ttXX is a nonhomogeneous Semi-Markov process, then we have

( c) For 1n and }),({, )(
0 Eiiz n

iAH   satisfy the following equations,

)()( )1()1(  ijAjiAH Q 
 , )()(()( )1*()(

)(1
)1(

1
 


  

 n
jzAj

k
zzHAz

n
k

n
iAH nkkk

QPt

( d) Then for )(tiAH , we have

)()(()()( )*()(
)(

1
12

)1(
11
 n

jzAj
k
zzHAz

n
knijAjiAH nkkk

QPQ
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Proof: we obtain (c) by taking Laplace-stieltjes transformation about )()1( tf iAH and )()1( tf n
iAH
 , then we have the

result of (d) immediately by Theorem 6.

Theorem 8 If }0),({  ttXX is a nonhomogeneous Semi-Markov process, then we have

( e) For 1n and },2,1,,{, ,
0  pEimiz pn

iAH satisfy the following equations,
)(,1 p

ijAj
p

iAH m  
 , ),1*()(

)(1
,1 )(

1

pn
jzAj

k
zzHAz

n
k

pn
iAH nkkk

Pm 


  
 

( f) Then for )( p
iAH m , we have ),*()(

)(
1
12

)()(
11

)( pn
jzAj

k
zzHAz

n
kn

p
ijAj

p
iAH nkkk

Pm
  







 

Proof: The definition of ),( pn
iAH m together with Theorem 6 and Theorem 7 provide us that (e) and (d) are true.
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