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ABSTRACT 
 
Probability limit theory is one of the branches of probability and also is important basic theory of the science of 
probability and statistics. Limit theory mainly study independent random variables, but in many practical problems, 
samples are not independent, or the function of independent sample is not independent, or the verification of 
independent is more difficult. So the concept of dependent random variables in probability and statistics is 
mentioned. Exchangeable random variables are a major type of dependent random variable. In this paper we extend 
the Baum and Katz theorem in the condition of independent, and obtain the specific forms of expression of Baum 
and Katz theorem in the case of exchangeable random variables. 
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INTRODUCTION 

If the joint distribution of 1 2, , , nX X X

is permutation invariant, for each permutationπ  of1, 2, , n ,the joint 
distribution of 1 2, , , nX X X

is the same of the joint distribution of
( ) ( ) ( )1 2, , , nX X Xπ π π

,so the finite random variable 

sequence 1 2, , , nX X X

is exchangeable. Obviously, the independent and identically distributed random variable 
sequence is the simplest exchangeable random variable sequence. The concept of exchangeability was first proposed 
by De Finett[1] in 1930, people using the De Finetti theorem has made some results (see [2]-[3]). In this paper we 
extend the results of Katz and Baum theorem in the condition of independent and identically distributed random 
variable sequence to the results of Katz and Baum theorem in the condition of exchangeable random variables. We 
obtain the Katz and Baum theorem for specific forms of expression in the case of exchangeable random variables. 

 
THE PROBLEM PRESENTION 
Since Xu Baolu and Robbins introduced the concept of complete convergence in 1947, many scholars have done a 
series of research on the complete convergence for independent and identically distributed, results have been studied 
very perfect (see [4]-[6]), such as Baum and Katz, Bai Zhidong and Su Chun, the most classical results should be 
Katz and Bau m (1965) the famous theorem in [7]: 
 
Theorem A: suppose { }; 1nX n ≥  is the independent and identically distributed random variable 

sequence, 1 ,
2

α > 1pα > , when 1α ≤ ,suppose 1 0EX = ,So the two formulas are equivalent: 

( )1
pE X < ∞                                                                                 (1) 
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2

1 1

max ,p
j

n j n

n P S nα αε
∞

−

= ≤ ≤

 
≥ < ∞  

 
∑ 0ε∀ >                                                             (2) 

 
The main result: 

Lemma 1 Suppose{ }; 1nX n ≥ are exchangeable random variables, and the P moments is exist, when 0 1p< ≤  it is 
an arbitrary stochastic sequence, when 1p > it is exchangeable random variables of zero mean .Then for 0 2p< ≤ , 

( )1 1
max

np p
j ij n i

E S c E X
≤ ≤

=

≤ ∑ , when 2p > , ( )
2

2

1 1 1
max

p
n np p

j j jj n j j
E S c E X EX

≤ ≤
= =

   ≤ +  
   

∑ ∑                 

Proof of lemma in literature [8], 3.1.3. Theorem 1 suppose { }; 1nX n ≥  are exchangeable random 

variables, ( ) ( )( )1 1 2 2, 0Cov f X f X ≤ . , 1, 2if i =  is the type of meaningful and the function does not drop 
of

1 2,X X ,
1 0,EX = 1,pα > 2p < , So the two formulas are equivalent: 

 ( )1
pE X < ∞                                                                               

 2

1 1

maxp
j

n j n

n P S nα αε
∞

−

= ≤ ≤

 
≥ < ∞  

 
∑ , 0ε∀ >                                                            

Proof: first we prove(1) implies (2), give q ,satisfy ( )1 1 2 1,p qα+ < < take
iX , 1, 2, ,i n= 

 truncation 

( ) ( ) ( ) ( )q q q
i i i

q p
i iX n X n X n

Y n n I X I n Iα α α
α α

<− ≤ >
= − + +                                                 

( )
1

, 1, 2, ,
j

j i
i

S Y n j n
=

=∑

 

                                                                      

Because ( )iY n is monotone non decreasing function, so ( ) ( ) ( )1 2, , , nY n Y n Y n

also ( )( ) ( )( )( )1 1 2 2, 0Cov f Y n f Y n ≤ . 

( ) ( )
1 1 1

max ,
4

n
q q

j i i jj n i i j n

S n X n X n X nα α α αεε
≤ ≤

= ≤ < ≤

 ≥ ⊂ ≥ > > 
 



 

                                              

( ),q q
i jX n X nα α< − < −

1
max

2j n n nj n
S n A B Cαε

≤ ≤

 ≥ 
 



   

                                              

To prove(2)we just need to prove 

( )2

1

p
n

n
n P Aα

∞
−

=

< ∞∑ , ( )2

1

p
n

n
n P Bα

∞
−

=

< ∞∑ , ( )2

1

p
n

n
n P Cα

∞
−

=

< ∞∑                                            

From lemma1 and(1)we obtain 

( ) ( )2 2
1

1 1

p p
n

n n
n P A n P X nα α αε

∞ ∞
− −

= =

≤ ≥∑ ∑                                                       

1

1
1

1 2 2

( )
j j

p

j n

n P X nα αε
+

∞
−

= ≤ <

= ≥∑ ∑ ( )1
1
2 2pj j

j k j
P Xα αε

∞ ∞

= =

≤ ≥∑ ∑                                                    

( )( )1
1

1
2 2 2 kpj k

j k j
P X αα αε ε

∞ ∞
+

= =

= ≤ <∑ ∑                                                                 
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( )( )1
1

1 1
2 2 2 kpj k

k j
P X αα αε ε

∞ ∞
+

= =

= ≤ <∑∑                                                                

( )1 1
1

1
2 2 2pk k k

k
P X αα ε ε

∞
+

=

≤ <∑ ( )1
pE X

< ∞                                                         

so ( )2

1

p
n

n
n P Aα

∞
−

=

< ∞∑ is right. Because of the exchangeability and ( ) ( )( )1 1 2 2, 0≤Cov f X f X  the choose of q we 

know ( )1 2 1q pα− < − , so 

( ) ( )2 2 2
1

1 1

p p p
n

n n
n P B n P X nα α ε

∞ ∞
− −

= =

>∑ ∑                                                              

 ( ) ( )( )2
2 2 2

1
1

pp pq q

n
n n l n E Xα α

∞
− − −

=

≤∑                                                              

( )1 2 2

1

q p pq

n
n nα α

∞
− −

=
∑ < ∞                                                                     

so ( )2

1

p
n

n
n P Bα

∞
−

=

< ∞∑ is right. To prove ( )2

1

p
n

n
n P Cα

∞
−

=

< ∞∑ , we first prove 
1
max 0jj n

n E Sα−

≤ ≤
→ ( )n →∞ . Because 

of
1 0EX = and the definition of q we know 1,pqα > 1 0− >q , so 

( ) ( )( )

( )
( )

( ) ( )

1
1 11 1

1
1

1
1

1 1

max

0( )

n

j ij n i

q q

pq pq

pq q

n E S n EY n n E X Y n

n n P X n

n n E X

n n

α α α

α α α

α α α

α α

− − −

≤ ≤
=

−

− + −

− − − −

≤ = −

>

≤

→ →∞

∑





                                                 

so ( )
1
max 0jj n

n E S nα−

≤ ≤
→ →∞ is right. From

1
max 0jj n

n E Sα−

≤ ≤
→ ( )n →∞ we know ( )2

1

p
n

n
n P Cα

∞
−

=

< ∞∑  is 

equivalent to 

( )2

11
maxp

j jj nn
n P S ES nα αε

∞
−

≤ ≤
=

− ≥ < ∞∑                                                                    

From lemma 1,we choose
( ) ( )

1max 2,
1 1 2

p
q pq
αλ

α α
 −

>   − + − 

,so 

( )1
max j jj n

P S ES nαε
≤ ≤

− ≥  ( )
1
max j jj n

n E S ES
λ

αλ−

≤ ≤
− 



                                                    

( )( )22
1 1 1

λλαλ− − + n nE Y EY nEY  

( )( ) 221 2
1 1 1 1

p p p pn E Y Y n E X X
λλαλ αλ λ− −− + − ++

 

( )2 21 q pq pqn n αλ α λαλ α λ α − + −− + + − +  

so    ( )2

11
maxp

j jj nn
n P S ES nα αε

∞
−

≤ ≤
=

− ≥∑  
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 2 1 2 2 2

1 1

p q pq p q q p

n n
n nα αλ α λ α α αλ λ α λ α λ

∞ ∞
− − + + − − − + + −

= =

+∑ ∑  

( )( ) ( ) ( )( )( )2 1 1 21 1

1 1

p q pqq p

n n
n nα λ α λ αα λ

∞ ∞
− − − + −− − − −

= =

= +∑ ∑  

From the choce of ,q λ ,we know 

( )( ) ( ) ( )1 1 1, 2 1 1 2 1q p p q pqα λ α λ α α− − − − < − − − − + − < −    

Because the series ( )( )1 1

1

q p

n
n α λ

∞
− − − −

=
∑ 和 ( ) ( )( )( )2 1 1 2

1

p q pq

n
nα λ α λ α

∞
− − − + −

=
∑ are all convergent, so we obtain 

( )2

11
maxp

j jj nn
n P S ES nα αε

∞
−

≤ ≤
=

− ≥ < ∞∑  

 

From all of above, we know 

2

1 1

max ,p
j

n j n

n P S nα αε
∞

−

= ≤ ≤

 
≥  

 
∑ 0ε∀ >  

Next we need to prove(1),for
1 1
max 2maxj jj n j n

X S
≤ ≤ ≤ ≤

≤ ,so because of(2)is right, we obtain 

( )2

11
maxp

jj nn
n P X nα αε

∞
−

≤ ≤
=

≥ < ∞∑ ( )0ε∀ >           

From all of above ( )1
max 0jj n

P X nαε
≤ ≤

≥ → .Contrary, if not, 0, 0,ε δ∀ > ∃ >  And the natural number sequence 

kn , ( )1
max 2j kj n

P X nα αε δ
≤ ≤

≥ >  

It may be well that we suppose 1 2k kn n+ ≥ ,Taking into account the 1pα > ,we obtain 

( )2 2

11 1 21

max max
k k

p p
j jj nn k n n nj n

n P X n n P X nα α α αε ε
∞ ∞

− −

≤ ≤
= = ≤ ≤≤ ≤

 
≥ ≥ ≥  

 
∑ ∑ ∑                                     

( )1

11
max 2

k

p
k j kj nk

n P X nα α αε
∞

−

≤ ≤
=

≥ ≥∑ 1

1

p
k

n
n αδ

∞
−

=

≥ = ∞∑  

This is will be Contradictory of  ( )2

11
maxp

jj nn
n P X nα αε

∞
−

≤ ≤
=

≥ < ∞∑  ( 0ε∀ > ). 

so ( )1
max 0jj n

P X nαε
≤ ≤

≥ → ,because of ( )1
max 0αε
≤ ≤

≥ →jj n
P X n ,we obtain ( )1 0nP X nαε≥ > →                  

because of the exchangeablility and ( ) ( )( )1 1 2 2, 0≤Cov f X f X and 1xe x− ≥ − , 0x > we obtain 

( ) ( )
1 1

max
n

j jj n J

P X n P X nα αε ε
≤ ≤

=

 
≥ = ≥ 

 


 

( ) ( )
1 1

,
n

j i j
j i j n

P X n P X n X nα α αε ε ε
= ≤ < ≤

≥ ≥ − ≥ ≥∑ ∑  
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( ) ( )2
1 1nP X n n P X nα αε ε≥ ≥ − ≥  

( ) ( )( )1 11nP X n nP X nα αε ε= ≥ − ≥ ( )1
1
2

nP X nαε≥ ≥  

So ( ) ( )1 1
max jj n

nP X n P X nα αε ε
≤ ≤

≥ ≥

 

Because of ( )2

11
maxp

jj nn
n P X nα αε

∞
−

≤ ≤
=

≥ < ∞∑ is right, 0ε∀ > , 

( )1
1

1

p

n
n P X nα αε

∞
−

=

≥ < ∞∑  

From all of above, we know  ( )1
1

1

p

n
n P X nα αε

∞
−

=

∞ > ≥∑ ( )
1

1
1

1 2 2 j

p

j n

n P X nα αε
+

∞
−

= ≤ <

≥ ≥∑ ∑  

( )( )
( )( )

1
1 0

1

1
0 1 0

1

2 2 2

2 2 2

jpj j

j

kpj k

j k j

P X

P X

αα α

αα α

ε ε

ε ε

∞
+

=

∞ ∞
+

= =

≥ ≥

= ≤ ≤

∑

∑ ∑



 

( )( )1
0 1 0

1 1
2 2 2

k
kpj k

k j
P X αα αε ε

∞
+

= =

= ≤ ≤∑∑   

( )( )1
0 1 0

1
2 2 2 kpj k

k
P X αα αε ε

∞
+

=

≤ ≤∑2  

( )1
pE X2

 

So (1)is right. 
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