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ABSTRACT

Probability limit theory is one of the branches of probability and also is important basic theory of the science of
probability and statistics. Limit theory mainly study independent random variables, but in many practical problems,
samples are not independent, or the function of independent sample is not independent, or the verification of
independent is more difficult. So the concept of dependent random variables in probability and statistics is
mentioned. Exchangeable random variables are a major type of dependent random variable. In this paper we extend
the Baum and Katz theorem in the condition of independent, and obtain the specific forms of expression of Baum
and Katz theorem in the case of exchangeable random variables.

Key words: Complete convergence; dependent random variables; exchangeable random variables

INTRODUCTION

If the joint distribution of X, X,,---, X is permutation invariant, for each permutation 7z ofl,2,---,n the joint

distribution of X, X,,---, X is the same of the joint distribution of x 0 X Kooy ,50 the finite random variable

sequence X,,X,,---, X, is exchangeable. Obviously, the independent and identically distributed random variable

sequence is the simplest exchangeable random variable sequence. The concept of exchangeability was first proposed
by De Finett[1] in 1930, people using the De Finetti theorem has made some results (see [2]-[3]). In this paper we
extend the results of Katz and Baum theorem in the condition of independent and identically distributed random
variable sequence to the results of Katz and Baum theorem in the condition of exchangeable random variables. We
obtain the Katz and Baum theorem for specific forms of expression in the case of exchangeable random variables.

THE PROBLEM PRESENTION

Since Xu Baolu and Robbins introduced the concept of complete convergence in 1947, many scholars have done a
series of research on the complete convergence for independent and identically distributed, results have been studied
very perfect (see [4]-[6]), such as Baum and Katz, Bai Zhidong and Su Chun, the most classical results should be
Katz and Bau m (1965) the famous theorem in [7]:

Theorem A: suppose {Xn;nzl} is the independent and identically distributed random variable

sequence, ¢ > 1 ap>1, wheng <1,suppose EX, = 0,So0 the two formulas are equivalent:
2

E(|Xl|p)<oo 1)
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in““P(max Sj|25n“J<OO, ve>0 2
n=1

1<j<n
The main result:

Lemma 1 Suppose{xn;n 21} are exchangeable random variables, and the P moments is exist, wheng < p <1 it is
an arbitrary stochastic sequence, when p > 1it is exchangeable random variables of zero mean .Thenfor0< p< 2,

n n p/z
sjp)sc{ZExjH[ZExfj }
=1 =

E(max

I<j<n

sj|p)sciznl“E|xi|plwhen p> Z,E(max

1<j<n

Proof of lemma in literature [8], 3.1.3. Theorem 1 suppose {Xn;n21} are exchangeable random
variables, Cov(fl(xl)‘fz(xz))go. f,i=12 is the type of meaningful and the function does not drop
of x,, X, Ex, =0, @p>1, p<2, So the two formulas are equivalent:

E(|X[") <=

Zn"“P[maX szgn“]«n’ Ve >0

n=1 1<j<n

Proof: first we prove(1) implies (2), giveQ ,satisfy(1+1/a p)/z <g<1ltakex, ,i=12,--,n truncation

Y,(n)=-n" +X1 +n“Pl

(Xi<*””q) (\Xi\sn“q) (Xi>n"‘q)

i
Sj éZYi(n)vj:]-vzl'“yn

i=1

BecauseY, (n) is monotone non decreasing function, soy, (n),Y2 (n),...,\(n (n) also Cov( f, (yl(n)), f, (Yz (n))) <0.

(max
1<j<n

SJ‘Ze‘n“)cUOXi\z%n“jU U (X >n*,X;>n")
1

i= I<i<j<n

I<j<n

U(Xi <-n", X, <_naq) U(max S~j‘2%n“jé/\1UBnUCn

To prove(2)we just need to prove

ZnaP—ZP(A])<OO ,inanZP(Bn)<oo,inapfzp(cn)<oo
n=1

n=1 n=1

From lemmal and(1)we obtain

in“”’zP(Aj) < in“ﬂ*zp(|xl| > gn")
n=1 n=1

:i > n“"’lP(|X1|28n”)gizf““’iP(\Xl\zSZ“)
=

j=1 2i<n<2i® =1

-3y P(e2% <|X,| < 227
[
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=3 3 29p (52 <[, | < £27)

k=1 j-1

<3 2%p (ng X, \W <¢92k*1)<< E(\X I° )

k=1

S0 n“"?P(A ) <® is right. Because of the exchangeability and Cov(f,(X,), f,(X,))<0 the choose of  we
n=1

knOW(l— 2q)ap <—1,50
i n“"?P(B,) < in‘””sz (|X,|>n*)
n=1 n=1

< i n“P-2n-2apa|-2 (nq )(E (|X1|p))2

n=1

< Z n(-20)apn-2apa < o
n=1

) in“"’zP(Bn)<oo is right. To prove indpfzp(cn)<oo , we first prove . maxE[S,| >0 (n—>) - Because
Lt ~ <j<n

of gx, =0 and the definition of 0 we know e pg >1,1-q>0, SO

n"* max E‘éj‘s n’“zn:‘EYi (n)=n"
i=1

1<j<n

“[E (X, ~Y,(n)
)

B I (\ Xl\p)

<« @) g o)

son™* maxE‘S~j‘—>0(n—>oo) is right. From n™ maxE‘Q‘—)O (n—)oo) we know inawp(cn)<oo is

1<j<n 1<j<n

equivalent to

Zn“p 2P(max

1<j<n

§,~ES [z en” )

From lemma 1,we choose ap-1

> m"‘x(z'aa—qmam—1)/2]’50

§j—E§j|25n“)<< n’“lEmax(

1<j<n

P(max

I<j<n

§,-65)))

< (nE N, - B[+ (nEv?)
< N UHE ‘Yl‘ P ‘Yl‘/lfp 2 (E (‘ Xl‘P ‘xl‘%p ))A/Z
< n—a/1+l+aqi—apq + n—aﬂ+aq/1(2—p)/2

&Y Zn“" 2P(max

1<j<n

S, —E§j|25n“)
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0 0
< Z n“ p-2-ad+l+aql-apq + Z n“ p-2—al+A/2+aqi—-aqip/2

n=1 n=1

B i qe-a)-p) i n“ p-2-4(a(1-a)+A((apa-1)/2))

n=1 n=1

From the choce of g, 1 ,we know
~1-a(1-q)(A-p)<-Lap-2-A[a(l-q)+(apg-1/2)]<-1

Because the series i -ia-a)e-p) il i peP-2-(e(-a)+4((=pa-1/2) are all convergent, so we obtain

n=1 n=1

Zn‘””zP(max S;- Eéj‘ Zgn“)< ©
1 1<j<n

From all of above, we know

> n“"?P| max SJan“ ,Ve>0
n=1 1<j<n

Next we need to prove(1),for pax ,50 because of(2)is right, we obtain

1<j<n

X< 2max

1<j<n

S|

Zn‘””ZP(max
I<j<n

n=1

Xj‘zgn"’)<oo(v«9>0)

From all of above P(max

1<j<n

Xj\ > gn,,) _yo-Contrary, if not, v > 0,35 >0, And the natural number sequence

nklP(max

1<j<n

xj|252“nk")>5

It may be well that we suppose n, , > 2n, ,Taking into account the « p >1,we obtain

X.‘Zgn")

]

X].Zgn”Jzi n””’zP(max

<j<
k=1 n <n<2n, I<j=n

> n“?P| max
n=1

1<j<n

00
>3 n PP ( max
k=1

I<j<ng

Xj|282“nk“) 26y n Pt =00
n

This is will be Contradictory of Z“’: napfzp(max

1<j<n

Xj‘Zgn”)<oo (Ve>0).

n=1

SO P(max

I<j<n

xj| > en® ) _s 0.because of P(max

1<j<n

Xj‘Zgn“)AO'We obtain np 2(|X1|>gn“)—>0
because of the exchangeablility and Cov( f,(X,),f, (Xz)) <pande >1—x. x > 0 we obtain

P(max

1<j<n

J=1

ijgn“)zp(U(ijgn”)j

Xj‘zgn“)

zép(\xj\z,sn“)— Y P(|x|=en”,

1<i<j<n
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>nP(|X,| 2 en*)—n’P(|X,|= &n")

=P (|X,|= &n)(1-nP(|X,| = &n*)) z%np(\xl\ >en”)

So nP(|X,|= en” )<< P(max

1<j<n

X]| gn“)

max

1<j<n

Because of <~ .ap-2 (
> ne*?p
n=1

i n“p’lP(|X1| >en” ) <o
n=1

From all of above, we know - inapflp(|xl| >en)x

29P(|X,| 2 271 2 5240

0

Z (‘902ak X,|<e

&MS EMS

a(k+1) )

izamp(gozak <X, < 5,27

1 j=1

Ms

=
I

>>22‘””P(g 2 < |X,| < 5,27

> E(|Xl|p)
So (2)is right.

x_‘>€na)<wis right,ve >0,
|2

j=12 <n

“’HP(\xl\ > en)
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