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ABSTRACT

In this paper, let M™ be an m-dimensional submanifold without umbilical point on unit sphere, we prove two
Moebius sectional curvature pinching theorems, which give the characterizations of Clifford tori and Veronese
submanifolds by the Moebius invariants.
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INTRODUCTION

Since Wang (cf. [1] Jusing conformal differential geometry to establish the theory of conformal differential geometry
of submanifolds, and submanifolds are obtained fully invariant system under the conformal group, the conformal
differential geometry research has made great progress. Many conformal submanifolds in differential geometry
was classified completely (cf [2-6]), which apply the invariant system---Moebius form, Moebius second

fundamental form B, Blaschake tensor A, and then submanifold of unit sphere S is given a number of important
Moebius characters. In this paper, we prove two Moebius sectional curvature pinching theorems, which give the
characterizations of Clifford tori and Veronese submanifolds by the Moebius invariants[7].

Orthonormal frame field and Riemannian curvature

Let M be a m-dimentional Riemannian manifold, el’ez"“’ema local orthonormal frame field on M, and

W, 0%, Gy isitsdual frame field. Then the structure equation of M is given by:

da = Za)j Do,
i

W =~ (1.2)

11
deg =2 e O =2 > Ry, Dy
[ Kl (1.2

Wherequ is the Levi-civita connection and Ri the Riemannian curvature tensor of M. Ricci tensor Ri and

scalar curvature are defined respectively by:

R ::;dej’r::;Rkk

(1.3)
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MOEBIUSINVARIANTS
n+2 —_ —_
Let R isan+2-dimentional Lorentzian space, X = (XO’ TRRY Xn+1), Y= (yo’ Yoo yn+1) , define:

< XY >==X Y, XY, Fe + X 1Yo (2.2)

. m n
Let X:M ™ = S" is an Immersed submanifolds without umbilical point on unit sphere, and position vector

Y = p(x),

m 2
o> =——(IN]"-mH?)

=< dY,dY >= p’dx [eix

then 9 is Moebius invariants.

In the unit sphere, let {el’ez’m’em} a loca orthonormal frame field on M, and {a)l’a)z"“’%} is its dua

framefield.wherelSI'J'k’l ..... sm; m+l<a,S,.... sm+p:n’then

=ZA,—w.Dw =Y Biw UwE, ¢=ZCf’azEa

A i,] , ij,a

where A is Blaschake tensor, B is Moebius form, ¢ isMoebius second fundamental form, then we get the equation
asfollows:

Ak A = Z(Bi[lzcjl7 - BG’C,?)

(2.3
C -Cf Z(B -BgA:)
(2.4)
Bi(jj,k _Bi(IZ,j :a_ijck —5”(0;7 (2.5)
B”B” B”B
R Za:( i Bii) + AS, + A5~ Ad, — A, 26
1+ m°R m-1 _
a_q trA= N == Rji
> B =0 o ,ZQZ.,,( Bf)® = T m(m- 1)2 i -
Where R‘j"' the Riemannian curvature tensor of M, R isisthe normal Moebius scaar curvature of M.
PINCHING THEOREMSABOUT MOEBIUS SECTIONAL CURVATURE
Lemmal
2p?2 2 2 1 4
ZZaﬁ[tr(BaBﬁ)—tr(BaBﬁ) ]+zm[tr(BaBﬁ)] s[1+§sgn(p—1)]||B|| .
if and only if
(i)p=1
or (i) p=2, B™,B™ at the same time as

—m+l —m+2

AB T, uB A :/,12’
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10 0 1 0 O 0
100 0 0 -10 0
00 0 0 0 O 0
B™=z1]oo0oo0 . 0ol B™= [00o0.0

Lemma 2
. 1
Let X:M™ = S s ubmainfolds without umbilical pointon S", JaOR

:%A”B”Z = ||DB||2 +(@1+a) > BT(ByRy +B{Ry) - (m_l)atrA
i,j.a tk

m
+ay tr(B,0¢,) - (1-a)) [tr(BZB2) —tr(B,B,)?] +a) [tr(B,B,)]* —ma)_tr(ABZ)
a a,p a,p a

Theorem 1 Let X:M™ = §' (n=m+ p) is submainfold without umbilical point inSn, K is the infimum of
the sectional curvature, then:

m-1_ 1 1
K < 1+=sgn(p-1) - =
2m2[ ng(p ) p],
m-1_ 1 1
K> 1+—sgn(p-1) ——
2mz[ 2sg(p ) IO]

if

4 +1
x(M) is Moebius equivalent to a Versonese surface in S , or is equivalent to Clifford tori in s" ,

Sk(\/E)xSm-k( m_—k)
m V m (1sksm—1)

Proof of Theorem 1

. m n —_
Let X M™ — S'(n=m+ p) is an submanifolds without umbilical point on unit sphere, K is the infimum of

the sectional curvature, InLemmal, let &= 0 , then:

0=[0B[" + ¥ B (BfRy *+BJRy) — . [tr(B2B2) ~r(B,B,)’]
a.B

. ij.a. tk (3_2)
ecause
B 4

> BY(BR,, +B/Ry) > k|8 10 < Yt (B, 8,1 <[8]’
i tk I Y (3.3)
e o2 7B+ mK B

1 1
-E{Zazﬁ[tr(BﬁBf;)-tr(BaBﬂ)zl+;ﬂ[tf(5a|3ﬁ)]2}+§ ;ﬁ[tr(BaBﬁ)]z
> (08| + mk 8|2 - Z11+ = sgn(p-D1IB|* +—[B]"

B+ mkef* -1+ Ssoncp - + 1] 5

2

Because ”DB” =0
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Then
K— %Mp D——]

Y (3.5)

KD 4
if P then
K —]
(3.6)

Because ”DB” =0 ¢=0 , according to the lemma 2, we get the following:

X(M) is Moebius equivalent to a Clifford minima tori

(i) ) ,
S(()xgm (‘ )1<k<m 1|n Sm+l

(i) p= 2, K= ]’/8, X(M) is Moebius equivalent to a Versonese surfacein s’

Theorem 2 Let X:M™ = S (N=M+ D) oo rinfolds without umbilica point inS" | K is infimum of the

D =A-ttrAmd

sectional curvature, m , then:

Zm+DV = b
am+nV HH

X(M) is Moebius equivalent to a Versonese surface

sm( 2(m+1))

Proof of Theorem 2
. m n —_
Let X M™ — S'(n=m+ p) is an submanifolds without umbilical point on unit sphere, K is the infimum of

the sectional curvature, in Lemma 2, let a= m/(m +2) , from (3.3) and
trDB?| < ———
woer|s =2 oy

We obtain

2(m+1)mK m m(m 2)

m+ 2 m+2 ,/m(m 1) ||D|| ”A<O (3.7)

el
e R
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) 2(m+1)V ” I+ m+1trA
3.9

From ”DB”: We_obtain ¢:O, Let (6,66} is a local standard orthogonal basis on TM,
A Aldlj D /]idij
- . A A== do= =1
rom (3.7) take the equal sign, get all the ' isegual to each other, let m then 2 = m,
Then, we let:
;_m-1 N -1

_ _ A =—— A, = =A ==—(A-A

W=Dy, Bp=.=Bn,=p " o (-2 % =)

o= 5t =300y,

(3.10)
from (2.6), we get
m-1 1
(M- +(m-Yp* =—— _+=
m H= m (3.11)
when@d 2 2, Bla =0
because By # Byg ,we obtain
W,y =0
2By @, =dB, +> (B, @, +Bj,w,) = (B, _
j j 1)@ g (3.12)
1 _ —
~5 2 R D@ =day, -3 @y D@, =0
kI k (3.13)
From (2.5)
0=Ryy, =BuBy + Ay + A, = (M-’ + A, + ) (3.14)
/]1 + )= m—21
m (3.15)
0= Am_w_szm+ A w,; + )
S 0% “TA TA gy 1 (n, n o
Then Aj.a,j = Aij,a :O Ail,a :O' Ala,a = A‘aa,l :O
+ w, = .
All,la).l. ;All, a~a ;A&l,j (ZSGS m,lS J < m) (3.17)
ZAll,ja)j = dAn +ZA11 wlj +ZAilwil = dAll A =
Becauseof 0= | I J ,weget "1 = const
f AEA g W@ = =wm20’mming thatMm:MllxMén_l,KZO
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. m-1
2m(m+1)

M=AM=0=An=0 o

From (3.9), we obtain , which is contradiction with K=0, then 0.

[m(m+D]  x(M)

From (3.9), we obtain R:K:]/ is Moebius equivalent to minimal submanifold in s , then

p? =const A =9;/2

Fromgzpzdxmx,weget K :'O_ZKE and '0_2 =2tr(A)/m.

m

i Ke =———=
l:mmtrA:(1+m2R)/2m'\Nege,[,02=(J/m2)+R, : 2(m+1)

- m
Thenwe obtain M isisometric to the Veronese surface S (Vz(m+1)/m).

gm¢ [AM+]) mp Lo

And is Moebius equivalent to a Versonese surface
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