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ABSTRACT 
 
At present, the calculation of nuclear magnetic resonance sounding simulation is mainly based on homogeneous half 
space model or equivalent half space model. As the equivalent model makes the calculation result vary greatly from 
the actual response, in order to avoid the error brought by the equivalent model, the paper first implement the 
oscillating integral calculation by using gauss numerical integration and gets the scattering field of the underground 
space based on layered model harmonic field electromagnetic response derived by the recursive method, then 
obtains nuclear magnetic resonance (NMR) sounding response under one-dimensional medium case. In order to 
verify the effectiveness of the proposed algorithm, the layered model of calculation method is used to calculate the 
homogeneous half space of NMR response, being consistent with the actual uniform half-space model results, 
indicating that the calculation method given in the text reliable. The paper calculated the different orientation of the 
cutting angle under toppled layered model, and compared the differences in cross-sectional direction of cutting 
angle. Analysis is showed that NMR response is calculated more accurately by layered model recursive method than 
by the method of approximate half-space model.  
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INTRODUCTION 

 
Using nuclear magnetic resonance technology to detect groundwater directly is a new developed method in recent 
years. The method uses electromagnetic signals generated by the nuclear magnetic moment in process of precession 
decay for groundwater exploration [1]. This is currently the only known geophysical method of finding water 
directly [2]. Under the excitation of back line source, the NMR signal only appears in the water place. Legchchedko, 
who first developed the instrumentation to measure the NMR signal in the geomagnetic field and summarized and 
developed a set of NMR forward and inverse numerical methods achieving processing and interpretation of nuclear 
magnetic resonance ground data. Forward modeling is mainly to study the effect of resistivity of the nuclear 
magnetic resonance (NMR) signal by changing the medium resistivity of homogeneous half space or using layered 
media with equivalent longitudinal or transverse conductance model instead. Weng Aihua studys the initial 
amplitude of the NMR effected by different resistivity of aquifer, but the change law of the magnetic field is not 
given specificly in various type of conductive medium, as is same that the relationship between the various magnetic 
field and the initial amplitudes. There exists a big difference about magnetic field distribution in the model of 
layered media and its equivalent uniform model with electrical conductivity. Therefore, to calculate the size of the 
underground medium magnetic field at any point, and then study the changes of resistivity in layered media 
influence on surface NMR signal is meaningful. 
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MAGNETIC FIELD DISTRIBUTION OF LAYERED MEDIUM  
Theoretical expression of magnetic field in layered media  
Under the circular loops conditions, the horizontal component Hr and vertical component Hz of any point in layered 
medium ground can be written as [3,4,5,6,7]: 
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In the first layer, the electromagnetic field is expressed as: 

1 1
1 1 1 1 1 1

0

( ) ( )
2

u z u z
r

Ia
H a e b e u J a J r dλ λ λ

∞
− = + ∫                                                 (2) 

1 1
1 1 1 1 0 2

0

( ) ( )
2

u z u z
z

Ia
H a e b e J a J r d ifλ λ λ λ

∞
− = + ∫                                               (3) 

 

Where 1a , 1b is undetermined coefficients, I  is emission current, a is the radius of the transmitter block, r is 

the offset distance, z is the depth, 2
0i iu iw uλ σ= − , w is the frequency of the emission current, iσ is the 

electric conductivity in the i -layer, 0u is the vacuum permeability. 

 
According to the boundary conditions of horizontal component being equal to a vertical component at the interface 
of the magnetic field, it can be obtained: 
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Where, ih  is the total thickness of the former i layer, where ( )iz and iz  have the following recurrence relations: 
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In the lowermost layer: 
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In the i -layer medium, undetermined coefficientsia , ib  satisfy the following relationship: 
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First step is to obtain first layer magnetic field expressions undetermined coefficients, then the field values on the 
first layer to the interface can be obtained after coefficients substituted into the expression, based on the relationship 

between the field continuity and the second magnetic layer undetermined coefficients, finally1a , 1b  in second 

layer can be obtained, so undetermined coefficients in each layer can be calculated.  
 
Calculation of the magnetic field in layered media  
Whether vertical or horizontal component of the magnetic field component, which is an expression that contains a 
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double infinite integral Bessel functions [8,9]. The integral in the problem is no analytical expression, so only the 
numerical method is used for solving integral. In order to ensure the accuracy and precision of the integral, the form 
of integral function must be figured out before integral, uniform half-space vertical magnetic field is expressed as: 
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Integrand values in the vertical magnetic field expression (10) change with the independent variables shown in 
Figure 1. 

 
Fig. 1: The function value variation regulation of the vertical magnetic field integrand real part 

 

 
Fig. 2: The function value variation regulation of the vertical magnetic field integrand imaginary part 

 
The oscillation of the vertical magnetic field plot function’s real part is very strong, and imaginary part is small, in 
order to ensure the accuracy of integration, the plot function properly be handled before integration. The vertical 
component of the magnetic field is written as follows: 
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1f  is the value that the vertical variable zH subtracted the value generated by transmitter loop in the air, the 

relationship between the variable 1f of product function and independent variables is as shown in Figure 3. 
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Fig. 3: The function value variation regulation the real part of 1f integrand 

 
After processing, the plot function will quickly decay to zero, and the oscillation disappears, the integration interval 
can be defined as [0, 1] to ensure the integration accuracy. 
 
Because of the double Bessel function aggravating the shock of integral function, the shock of a Bessel function 

fairly to double Bessel function after performing minus 1 to a Bessel function 2f , the relationship between 

the 2f of integral function and the independent variables is shown in Figure 4. 

 
Fig. 4: The function value variation regulation of f2 integrand 

 

Since 2f expression contains an exponential decay term, the integration interval is limited, it can be set to [0, z], 

z is the depth of the point, Gaussian integral is performed in each elements section by the subdivision of integration 

interval, the value of the integral can be obtained, and 3f  is a special analytic integration, the result is: 
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Through the first two steps of processing, the integral contained Bessel function is changed into the total of double 
and three, and each of the integral is easy to implement [10,11,12]. 
 
The calculation of the actual model magnetic field distribution  
In order to determine the calculation of initial NMR amplitude’s grid mesh spacing and range, spatial distribution of 
the magnetic field under different model parameters is calculated. Each model parameters is shown in Table 1. 

 
Table.1 Geoelectrical model in Fig 1and Fig 2 

 
Model ρ1/Ω·m h1/m ρ2/Ω·m h2/m ρ3/Ω·m 
1 100 30 100 20 100 
2 100 30 30 20 100 
3 100 30 5 20 100 

 
Each figure in figure 5(a)-(h) shows the changes in the real and imaginary parts of the horizontal and vertical 
components of the magnetic field along the radial and vertical direction. When the depth is relatively small, the real 
part of the horizontal and vertical components of the magnetic field component will mutate. The real component of 
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the perpendicular magnetic field is largest in the radius of the coil, but the reverse direction does not occur which is 
consistent with the law of the magnetic field lines being closed to near energized wires. The middle layer resistivity 
change affects little to the real part of the magnetic field of cover layer, instead of the imaginary part changing with 
the resistivity a lot. The value of the imaginary part of the magnetic field is smaller than the real part. For a radius of 
50 m emission circular loop, whether horizontal or vertical component of the magnetic field component, when the 
offset distance is greater than 100 m, the values is close to 0. 

 

 
(a)                       (b) 

 

 
(c)                      (d) 

 

 
(e)                       (f) 

 

 
(g)                        (h) 

Fig. 5: Magnetic field components variation in covering layer 
(a) Hr imaginary part variation along radius (b) Hr imaginary part variation along depth (c) Hz imaginary part variation along radius (d) Hz 
imaginary part variation along depth (e) Hr real part variation along radius (f) Hr real part variation along depth (g) Hz real part variation 

along radius (h) Hr real part variation along depth 
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The distribution of the magnetic field in aquifer directly determines the distribution of proton magnetic moment 
toppled angular under the same pulse major, each figure of figure 6 (a)-(d) reflect the change rule long radial of 
magnetic field real and imaginary parts in low resistance sandwich. When the low-resistivity layer exists, the 
imaginary part of the magnetic field is affected greatly in the upper medium, with the decrease of the resistivity of 
the low resistance sandwich, whether the imaginary part of the vertical component or the horizontal component will 
change a lot, but little effect to the real part. In the low-resistivity layer, with sandwich lower resistivity, the greater 
the difference exists in the imaginary part of each component of the magnetic field, and the real part begin to change 
a little. Only when the low resistivity is down to 10Ω , this difference will behave out. The vertical component of 
the deep magnetic field has no changes in the radial direction compared with shallow the magnetic field, but with 
the increase of an offset distance, the value of the magnetic field decreases, the horizontal component of the 
magnetic field is still the maximum radius of the coil. However, when the mutations disappear, the horizontal 
component varies slowly component along the radial. In order to verify the correctness of the calculation result, the 
magnetic field at the center of the uniformity earth loop is calculated. According to the analysis result, when the 
resistivity was 100Ω , loop radius 50m, the emission current 1 A, the frequency 2350Hz , the size of central 
vertical magnetic field loop is (9.832e-3,1.657e-4), and the results obtained by numerical integration methods is 
(9.958e-3,1.816e-4) with very small error, the results show that the calculation is credible.  

 

 
(a) (b) 

 
(b) (d) 

Fig. 6: Magnetic field components variation in low resistivity layer 
(a) Hr imaginary part variation along radius (b) Hz imaginary part variation along radius (c) Hr real part variation along radius (d) Hz real 

part variation along radius 

 
THE CALBULATION OF SURFACE NMR RESPONSE  
Under the excitation of the surface feeding Larmor frequency sinusoidal current and electromagnetic waves, the 
direction of proton magnetization will deviate from the direction of the geomagnetic field. As time increases, the 
angle of deviation increases. when the excitation stops, the direction of protons magnetization will gradually 
coincide with the direction of the geomagnetic field [13,14]. In this process, the signal decaying with time in surface 
coil can be observed, the theoretical attenuation of the signal is calculated as (16). 
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Where, pQ It= is the product of the excitation current intensity and the duration time, E is the initial amplitude of 

the Qpulse moment, 2t is transverse relaxation time, w  is the Larmor frequency, γ is the proton gyromagnetic 

ratio, 0B is a local magnetic field strength, 0ϕ is the initial phase of the signal and the initial amplitude is 

determined by the following equation (17): 
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0M is the size of the proton magnetization, B⊥ is component of the excitation magnetic field strength 

perpendicular to the field. In the case of the cylindrical coordinate, ( , , )n r zϕ  is moisture content the point 

of ( , , )r zϕ . 

 
NMR signal is the result of the volume integrals to the underground aquifer, the degrees of motivation is different in 
different locations. This difference reflected in the different spatial positions is toppled the corner. The size of 
aquifer toppled angle directly affects the size of the size of the NMR signal. The angle toppled sandwich in three 
sectional distribution of models 3 is calculated where the angle between the profile and the plane of the earth's 

magnetic field is respectively0o , 45o ,90o , geomagnetic inclination is 60o , excitation pulses is 1A s⋅ . The result 
is shown in figure 7: 

 

 
(a)                                 (b) 

 
(c) 

Fig. 7: Toppled angle distribution in different profile 
 
(a) South-north direction profile (0 degree) 
(b) North-east direction profile (4degree) 
(c) East-west direction profile (90 degree) 
 

In the different directions of cross section, toppled angles distributes differently. In the 0o  cross-section, the 
distribution of the toppled angular is asymmetry and the toppled angular distribution is scale in the cross section of 

90o , but the value of toppled angle is the minimum. 
 

0
0 ( , , ) ( , , )

1 1 1

( ) sin( )
M N K

m n k m n k
m n k

wM
E Q B B t dv

I
γ⊥ ⊥

= = =
= ∑∑∑                                            (18) 

 
Since the medium is assumed layered, r andϕ can be the first integration, and then the z integrating, the integration 

interval is split a summation of discrete points according to the column: 
 

m m n kdv r r zϕ= ∆ ∆ ∆                                                                         (19) 
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r∆ ， φ∆ ， z∆  are respectively the radial，tangential directions and the split in length depth, the size of 

subdivision length can be determined according to accuracy requirements, combined with the literature and the 

results, the integration interval can be set to 2 2 24 , 2x y R z R+ ≤ ≤ ,with transmit coil radius of R , outside 

this range, the value of the magnetic field is small, the impact on the calculation results is insignificant. 
 
Taking the rapid change of magnetic field near the coil into account, while slow changes happens in other places, 
the spacing may be unequal subdivision according to the distribution of magnetic field mesh. Coupling the 
variation of magnetic field in the vertical and horizontal direction and in the radial direction, mesh spacing of 
0-40m is 2m, mesh spacing of 40-60m is 1m, mesh spacing of 60-100 is 2m. It is evenly split the direction ofφ , 

the circle is divided into 36 parts uniform domain, using a uniform mesh spacing of 2m in thez -direction.  
 
Make a numerical calculation for the three layer model, the resistivity of the first, the third layer are 100 mΩ⋅ , the 

resistance of the intermediate layer respectively is 100,30,10,5 mΩ⋅ . The first and the second floor thickness is 
respectively 30m, 20m assuming low resistance caused by water, and the interlayer low resistance is representative 
of the aqueous layer, thickness of the interlayer is depth of water. When the transmitter loop radius is 50m, the 
water content is 10%, the emission current is 1 A .The variation of initial pulse amplitude is shown in figure8 and 
figure 9 when resonant frequency is 2350Hz : 
 

 
 

Fig. 8: The initial NMR amplitude of different models 
 

 
 

Fig. 9: The initial NMR amplitude of different algorithm 
 

Figure 9 shows the results of the using a uniform half-space formula and recursive formula to calculate NMR 
initial amplitude of uniform half-space, model resistivity is100 mΩ⋅ , aquifer thickness is 10m, depth is 20m, the 
water content is 10%.There is no difference between the two methods of calculation results proving the reliability 
of the recursive method. 
 

CONCLUSION 
 

(1) NMR forward simulation is to solve the problem of the double Bessel function integral. Integration interval is 
greatly reduced by subtracting magnetic field generated by transmitter coil in the air. The oscillation will reduce by 
doing one minus processing to Besesl function and make the calculation of the magnetic field become feasible. 
 
(2) The impact resistance of the magnetic field is mainly reflected in the imaginary part of the magnetic field, the 
high resistance layer, the difference of the imaginary part is relatively small, however, in the low-resistivity layer, 
the difference is very obvious. The real part of the magnetic field is sensitive to changes of resistivity, this effect is 
shown only when the resistivity is less than 10mΩ⋅ . 
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(3) For layered media, the magnetic field can be directly calculated using recursive methods, without the need of 
an equivalent model which avoid bias caused by equivalent model and improve the accuracy of the calculation 
results. 
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