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ABSTRACT 
 
Generalized strictly diagonally dominant matrices have wide applications in science and engineering, but it is very 
difficult to determine whether a given matrix is a generalized strictly diagonally dominant matrix or not in practice. 
In this paper, we give several practical conditions for generalized strictly diagonally dominant matrices by 
constructing different positive diagonal matrix and applying some techniques of inequalities, which improve and 
generalize some existing conclusions. Effectiveness of results is illustrated by some numerical examples. 
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INTRODUCTION 

 
Generalized strictly diagonally dominant matrices is a special class matrix with widely use in the engineering, which 
is not only one of the important research topics in computational mathematics and matrix theory, but also has 
important practical value in control theory, elasticity, mathematical economics, the power system theory and other 
fields. However, it is difficult to determine generalized strictly diagonally dominant matrices in practice. The 
problem is investigated in some papers, e.g., see [1-15]. This paper gives several new conditions for generalized 
strictly diagonally dominant matrices, which improve some related results, and gives some corresponding  
numerical examples to illustrate the validity of the results. 
 

Denote nn×C as the set of complex nn× matrix and },,2,1{N nL= . Let nn
ija ×∈= C)(A , 

1 2 3( ) ( );  N { N0 ( )};  N { N0 ( )};  N { N ( )}.i ij ii i ii i ii i
j i

R a i N i a R i a R i a R
≠

= ∈ = ∈ < = = ∈ < < = ∈ >∑A A A A If 

)N)(( ∈> iRa iii A , thenA  is said to be a strictly diagonally dominant matrix and is denoted by D∈A . If there 

exists a positive diagonal matrixX such that D∈AX , thenA  is said to be a generalized strictly diagonally 

dominant matrix and is denoted by D∈A . 
 

Obviously, .NNNN  ;NN  ;NN  );setempty (NN 321323121 ==== UUIII φφφ We 

take .0=•∑ ∈φt
If φ=21 NN U , then D∈A . If D∈A , then the all diagonal entries ofA are non-zero and exists at 

least one strict diagonally dominant row (see [12]), that is φ≠3N . So we always assume that 21 NN U  and 3N are 

not empty set. 
 

Definition 1[10, 13] A matrix
nn

ija ×∈= C)(A
is called irreducibly diagonally dominant ifA  is irreducible, 
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( )( N)ii ia R A i≥ ∈
and a strict inequality holds for at least oneN∈i . 

 

Definition 2[13] 
nn

ija ×∈= C)(A
is called a diagonally dominant matrix with nonzero elements chain if 

( )ii ia R≥ A
( N∈i ) and at least one strict inequality holds every i with 

( )ii ia R= A
 there exists a nonzero 

elements chain 
0

1211
≠

− kk jjjjij aaa L
such that   

( )
k k kj j ja R> A

. 
 

Lemma 1[13] Let
nn

ija ×∈= C)(A
is an irreducibly diagonally dominant matrix, then D∈A . 

 

Lemma 2[13] Let
nn

ija ×∈= C)(A
is a diagonally dominant matrix with nonzero elements chain, then D∈A . 

 

Lemma 3[15] Let
nn

ija ×∈= C)(A
, if there exists positive diagonal matrixX , such that D∈AX , then D∈A . 

 

The paper [3] gives the following main result: Theorem1. Let
nn

ija ×∈= C)(A
. If  
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



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ThenA is a generalized strictly diagonally dominant matrices. 
 
1. THE MAIN CONCLUSION 
In order to facilitate the description, we will further introduce the following marks: let nn

ija ×∈= C)(A  

2

( )
( N );

( )
i ii

i
i

R a
x i

R

−
= ∀ ∈

A

A
 );N( 3∈∀= i

a

P
x

ii

i
i   

Where iP  as type (1), and 

 );N( 3

}{N
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∈∈
i
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}{N
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−

+
=

∑
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∈ ∈ i
aa

xaxa

K

it
itii

t t
tittit

i
  

}max,maxmax{
13 NN

i
i

i
i

KM
∈∈

=λ  

When φ≠1N and ∑
−∈

=
}{N 1 it

itii aa , take );N(1 1∈∀= iK i and when φ=1N , take 0=iK . 

 
Theorem2.  Let nn

ija ×∈= C)(A .  If 

               )N)(( 2
NN}{N 312

∈∀++> ∑∑∑
∈∈−∈

ixaaxaxa t
t

it
t

it
it

titiii λ                    (2)                                       

And ∑
−∈

≠
}{N 1 it

itii aa )N( 1∈∀i , then D∈A . 

 
Proof.  By the expression ofr , we know that 10 <≤ r  and 

∑∑∑
−∈∈∈

++≥
}{NNN 321 it

it
t

it
t

itii araaar iP=   )N( 3∈∀i  

Which gives 10 <≤≤ rxi )N( 3∈∀i . 
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When φ≠1N  and φ=∈== ∑
∈

}N,|{T 3
N1

iaΛi
t

iti , let  

t
t

it
t

it

it
titiii

i
xaa

xaxa

m
∑∑

∑

∈∈

−∈

+

−
=

31

2

NN

}{N
  )N( 2∈∀i  

If 0
31 NN

=+∑∑
∈∈

t
t

it
t

it xaa , set +∞=im .  By ∑
−∈

≠
}{N 1 it

itii aa )N( 1∈∀i , 10 << ix )N( 2∈∀i , and  the expression of 

iM and iK , we get )(10 3NiM i ∈<≤  and )(10 1NiK i ∈<≤ , which gives 10 <≤ λ . So there must 

exist a positive numberδ , such that 

}1,min,
max

1
min{

2

3

N
N

i
i

i
i

m
x ∈

∈

<< δλ  

By i
i

K
1N

max
∈

>δ , i
i

m
2N

min
∈

<δ , i
i

M
3N

max
∈

>δ  and 1<ixδ )N( 3∈∀i , we get 

∑ ∑∑
∈ ∈−∈

<++
2 31 N N}{N t

iit
t

ittit
it

it axaxaa δδ  )N( 1∈∀i  

iiit
t

it
it

tit
t

it xaxaxaa <++ ∑∑∑
∈−∈∈ 321 N}{NN

δδ  )N( 2∈∀i  

  i
it

tit
t

tit
t

it Pxaxaa δδ <++ ∑∑∑
−∈∈∈ }{NNN 321

  )N( 3∈∀i                  (3)                                   

 
Hence, there always exists a sufficient small positive numberε , such that 

ii
t

t
t

ittit
it

it axaxaa δεδ <+++ ∑ ∑∑
∈ ∈−∈

)(
2 31 N N}{N

 )N( 1∈∀i                  (4)                                        

iiit
t

it
it

tit
t

it xaxaxaa <+++ ∑∑∑
∈−∈∈

)(
321 N}{NN

εδδ  )N( 2∈∀i             (5)                                  

1)( <+ εδ ix  )N( 3∈∀i  

 

Constructing positive diagonal matrix },,,diag{ 21 nddd L=D , and let nnijb ×== )(ADB , where 









∈+=
∈=
∈=

))((

)(

)(
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1

Nixd

Nixd

Nid

ii
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i

εδ

δ
 

For 1N∈∀i , by (4), we have 

)(BiR ∑
≠

=
ij

ijb )(
321 NN}{N

εδδ +++= ∑∑∑
∈∈−∈

t
t

it
t

tit
it

it xaxaa iiii ba =< δ  

For 2N∈∀i , by (5), we have  

)(BiR ∑
≠

=
ij

ijb )(
321 N}{NN

εδδ +++= ∑∑∑
∈−∈∈

t
t

it
it

tit
t

it xaxaa iiiii bxa =<  

For 3N∈∀i , by (3), we have 

)(BiR ∑
≠

=
ij

ijb )(
}{NNN 321

εδδ +++= ∑∑∑
−∈∈∈

t
it

it
t

tit
t

it xaxaa  

         ∑∑∑∑
−∈−∈∈∈

+++≤
}{N}{NNN 3321 it

tit
it

tit
t

tit
t

it xaxaxaa δεδ  

                        iiiiiiii bdaaP ==+< δεδ  

When φ≠1N and φ≠∈== ∑
∈

}N,|{T 3
N1

iaΛi
t

iti , by ∑
−∈

≠
}{N 1 it

itii aa )N( 1∈∀i and the expression of iK and iM , 

we get0 1iK≤ < )N( 1∈∀i  and
3N

max 1i
i

M
∈

= , which gives 1=λ . So there must exist a positive numberδ , such that 

}min,
max

1
min{1

2

3

N
N

i
i

i
i

m
x ∈

∈

<<= δλ  
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Hence, there always exists a sufficient small positive numberε , such that 1<+ εδ ix )N( 3∈∀i and 

i
i

m
2N

min
∈

<+ εδ )N( 2∈∀i . Constructing positive diagonal matrix },,,diag{ 21 nddd L=D  and let 

nnijb ×== )(ADB , where 


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For 1N∈∀i , by ∑
−∈

≠
}{N 1 it

itii aa )N( 1∈∀i , 1<id )NN( 23U∈i and δ<1 , we get 
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ijb )(
321 NN}{N
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For 2N∈∀i  , by
2N

min i
i

mδ ε
∈

+ < , we get 
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it xaxaxaa <++++ ∑∑∑
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For 3N∈∀i , by 1>δ , 10 <≤≤ rxi )N( 3∈∀i and 10 << ix )N( 2∈∀i , we get 

1 2 3

1 2 3 3
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≠ ∈ ∈ ∈ −

∈ ∈ ∈ − ∈ −
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Thus, when φ≠1N we have proved that )(Biii Rb > N)( ∈∀i , i.e. D∈B . Therefore, D∈A . 

When φ=1N , at this time
i

Ni
M

3

max
∈

=λ , type (3) into 

2 3

2
N { } N

( N )ii i it t it t
t i t

a x a x a x iλ
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> + ∀ ∈∑ ∑  

Let 

t
t

it

it
titiii

i xa
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=
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If 0
3N

=∑
∈

t
t

it xa , set +∞=im .  By the expression of iM , we get )(10 3NiM i ∈<≤  and 10 <≤ λ . So there 

must exist a positive numberδ , such that 

}1,min,
max

1
min{

2

3

N
N

i
i

i
i

m
x ∈

∈

<< δλ  

By i
i

m
2N

min
∈

<δ , i
i

M
3N

max
∈

>δ  and 1<ixδ )N( 3∈∀i , we get 
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iiit
t

it
it

tit xaxaxa <+ ∑∑
∈−∈ 32 N}{N

δ )N( 2∈∀i  

i
it

tit
t

tit Pxaxa δδ <+ ∑∑
−∈∈ }{NN 32

)N( 3∈∀i                   (6) 

 
Hence, there always exists a sufficient small positive numberε , such that 

iiit
t

it
it

tit xaxaxa <++ ∑∑
∈−∈

)(
32 N}{N

εδ )N( 2∈∀i                 (7) 

1)( <+ εδ ix )N( 3∈∀i  

 

Constructing positive diagonal matrix },,,diag{ 21 nddd L=D , and 





∈+
∈

=
)N(

)N(

3

2

ix

ix
d

i

i
i

）（ εδ
 

Let matrix nnijb ×== )(ADB . 

For any 2N∈i ,by type (7),we can know 

)(BiR ∑
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=
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ijb )(
32 N}{N

εδ ++= ∑∑
∈−∈
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tit xaxa iiiii bxa =<  

 

For any 3N∈i ,by type (6),we can know 

)(BiR ∑
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εδ ++= ∑∑
−∈∈

t
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      ∑∑∑
−∈−∈∈
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}{N}{NN 332 it

tit
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                        iiiiiiii bdaaP ==+< δεδ  

 
Thus, when φ=1N we have proved that )(Biii Rb > N)( ∈∀i , i.e. D∈B .Therefore, D∈A . 

To sum up, the theory is correct.      
 
Remark due to0 1λ≤ ≤ , the theory 2 improve the main conclusion of the paper [1], which expand the scope of 
determination. 
 

Theorem3.  Let nn
ija ×∈= C)(A  be irreducible.  If 
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++≥ λ   )N( 2∈∀i            (8) 

And at least one strict inequality holds in (8), then D∈A . 
 

Proof. By the irreducibility ofA , we know that ),N(10 2∈∀<< ixi ,10 << ix  

)N(10 3∈∀≤< iM i , )N(10 1∈∀<< iK i .By the expression of λ ,we know 10 ≤< λ .So there must exist 
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Let matrix nnijb ×== )(ADB , we can know thatB is irreducible. 

For any 1N∈i , due to 10 ≤< δ and i
i

K
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∈

≥δ ,we can get  
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For any 2N∈i , since i
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For any 3N∈i ,since 10 ≤< δ  and i
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M
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≥δ ,we obtain  
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To sum up , )(Biii Rb ≥ N)( ∈∀i ．ThereforeB is an irreducible diagonally dominant matrix. Then by Lemma 1, 

we have that D∈B . By Lemma3, we obtain that D∈A .   
 

Theorem4.  Let, nn
ija ×∈= C)(A , φ≠J\N2 and  
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Let matrix nnijb ×== )(ADB . 

For any 1N∈i , due to 10 ≤< δ and i
i

K
1N

max
∈

≥δ ,we can get  
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For any 3N∈i , since 10 ≤< δ  and i
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M
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To sum up , )(Biii Rb ≥ N)( ∈∀i ．ThereforeB is a diagonally dominant matrix with nonzero elements chain. 

Then by Lemma 2, we have that D∈B . By Lemma3, we obtain that D∈A .  
 
2. EXAMPLE  
Example1. Let 

















=
410

221

033

A  

 
Then }1{N1 = , }2{N 2 = , }3{N3 = .  We can obtain 4/1=r , 13 =P , 3/12 =x , 

4/13 =x , 3/13 =M , 3/11 =K , 3/1},max{ 13 == KMλ . Since 

2/1)(3/2 32321222 =+>= xaaxa λ  

 
Therefore A  satisfies the condition of theorem 2 in this paper, so D∈A . But 

2/33/2 32321222 =+<= xaaxa  

 
So A does not satisfy the corresponding conditions of the Theorem in paper [1].  
Take positive diagonal matrix }9/1,3/1,18/7diag{=D ,so 
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















=
9/43/10

9/23/218/7

016/7

AD  

That is D∈A . 
Example2. Let 



















=

55.05.05.0

9.3411.0

5.2020

1113

A  

 

Then }1{N1 = , }3,2{N 2 = , }4{N3 = .  We can obtain 3.0=r , 5.14 =P , 2.02 =x , 

2.03 =x , 3.04 =x , 1574 =M , 3071 =K , 15/7},max{ 14 == KMλ . Since 

35.0)(4.0 42421323222 =++>= xaaxaxa λ  

79267.0)(8.0 43431232333 =++>= xaaxaxa λ  

 
Therefore A  satisfies the condition of theorem 2 in this paper, so D∈A . But 

75.04.0 42432321222 =++<= xaxaaxa  

 
So A does not satisfy the corresponding conditions of the Theorem in paper [3].  
Take positive diagonal matrix }14.0,2.0,2.0,47.0diag{=D ,so 



















=

7.01.01.0235.0

546.08.02.0047.0

35.004.00

14.02.02.041.1

AD  

That is D∈A . 
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