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ABSTRACT

Generalized strictly diagonally dominant matrices have wide applications in science and engineering, but it is very
difficult to determine whether a given matrix is a generalized strictly diagonally dominant matrix or not in practice.
In this paper, we give several practical conditions for generalized strictly diagonally dominant matrices by
constructing different positive diagonal matrix and applying some techniques of inequalities, which improve and
generalize some existing conclusions. Effectiveness of resultsisillustrated by some numerical examples.
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INTRODUCTION

Generalized strictly diagonally dominant matricesispecial class matrix with widely use in theieegring, which

is not only one of the important research topicx@mputational mathematics and matrix theory, Hsb das
important practical value in control theory, eleityi mathematical economics, the power systemrihaad other
fields. However, it is difficult to determine geadized strictly diagonally dominant matrices in giiee. The
problem is investigated in some papers, e.g., $€¥b]. This paper gives several new conditionsdeneralized
strictly diagonally dominant matrices, which impeowsome related results, and gives some corresgpndin
numerical examples to illustrate the validity of ttesults.

Denote C™ as the set of complexaxn matrix and N={12---,n} . Let A=(a;)0C™

R(A)=>1a|(ON); N={iONP<[a|=RA)% N,={iNp <[a|<RA} N,{ilN |a|>R 4. If

j#
|a“| >R (A)(1 UN), thenA is said to be a strictly diagonally dominant matind is denoted b 0D . If there

exists a positive diagonal mateé& such thatAX OD, thenA is said to be a generalized strictly diagonally
dominant matrix and is denoted By 1D .

Obviously, N,NN, =@emptyset); N;AN, =¢; N,(AIN;=¢; N,UN,UN, =N. We

takezt-D =0.If N;JUN, =¢, thenAOD . If ADD, then the all diagonal entries Afare non-zero and exists at
@

least one strict diagonally dominant row (see [121at isN; # ¢. So we always assume th&t, UN, and N,are

not empty set.

(a;)oCc™"

Definition 1[10, 13] A matrixA: is called irreducibly diagonally dominant 4f is irreducible,
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|a"‘ | 2R(AGDN) and a strict inequality holds for at least bREN .

A=(a;)0C™"

Definition 2[13] is called a diagonally dominant matrix with nonzeetements chain if

|a“|2 R(A)(i DN) and at least one strict inequality holds evér\with |a“|= R(A) there exists a nonzero
>R, (A)

Jka

. #0
elements chaln% L such that

yoem™"

Lemma 1[13] LefA‘ =& is an irreducibly diagonally dominant matrix, thARI D .

—_— nxn J—
Lemma 2[13] Lefr = @)EC e o diagonally dominant matrix with nonzero eletseshain, thef® LD |

Lemma 3[15] Lef* = @)D Cnxn, if there exists positive diagonal matix, such tha®X 0D | thenAOD |
The paper [3] gives the following main result: Theml. LeA @)t Cnxn. If
_RA) R(A)-[ay] .
. [ (OiON,)
A R & & A T RE AR || | ;
And|a,.i| z Z|ait| (iON,), where
N1}
P
r=max ——=~——1, P =) |[a,|+ ) |a,|+r a,|(i0ON 1
iON; |a"| Z|an| t%llj t| t%:J t| tEN§{|i} t|( 3) @

tIN 5 i}
ThenA s a generalized strictly diagonally dominant nsi.

1. THE MAIN CONCLUSION
In order to facilitate the description, we will foer introduce the following markket A = (a;) U cmn
A)-|a, )

_R®A)-[a| - R GioN,)

R(A)

&
Where P, as type (1), and

Zlait|+ Z|aitlxt Z|ait|xt + Z|ait|xt

(LiON,); %

M. = 10N tON,, (0i ON); K = tON,, tON, (Di ON );
R- Dl I la;| - Z|an| '
tIN 5 i} tIN {1}

A =max{maxM,, maxK}
iON, iON,

WhenN, # panda;|= D _|a,|, takeK; =1(0i O N,); and wherN, = ¢, takeK, = 0.
N1}

Theorem2. LetA=(g;)dC™". If

lalx > 3 lax + A [a+ D Jadx (@i ON,) e
tIN , i} tON, tON,
And|a;|# Y |a,| (OiON,), thenAOD.

N, {1}
Proof. By the expression af, we know that0O<r <1 and

fal= Ylal+ Ylal+r Ylal=R @ion,

tON, tON,, tN 5~ i}

Which giveD< x, <r <1 (0iON,).

2718



Wel Liu et al J. Chem. Pharm. Res., 2014, 6(7):2717-2725

When N, # @ andT ={i |4, = > [a,[iON;} =g, let

tON,
Jufx = > [l

m = ibal (i ON,)
2 la] + D fa 2
{ON, {ON,
If Dal+Dalx =0, setm =+e. Byla|# >Ja,| (DiON,),0<x <1 (TiON,), and the expression of
N N1}

M;and K;, we get0<M; <1(iOON,;) and 0<K; <1(iON;,), which givesO< A <1. So there must
exist a positive number, such that

A<d<min{

,minm,1
|f.na)()(i iON, m }
iONg

Byé’>r_gNaxKi,5<rQ'i“nmi,5>r_r51’<31xMi and J <1 (DiON,), we get
LNy 1LUN3 ILIN3

3 D lad+ Dlalx + Dlalx <dlay| (CiON,)

N < i} tON, {ON,
Y la+ Dllaulx +0> Jaylx <[ag|x (QiON,)
{ON, tN L4 i} {ON,
Dlad+ Dladx +d Dladx <@ (DiON,) 3)
tON, tON, tIN 53 i}

Hence, there always exists a sufficient small pasitumbeg , such that

I Y Ja]+ Dllax + Dlla(x +&) <dla;| (@ON,) (4)
tIN ,{ i} tON,, tON,
Y Jay+ Dllanfx +3D Jay(x + ) <|a|x (QiON,) (5)
tON, tN ,{ i} tON,

3(x +&)<1 (TiON,)

Constructing positive diagonal matix = diag{d,,d,,---,d,} , and leB = AD = (b,),.,, where
d =o(UN,)
d =x310N,)
d, =3(x + )i ON,)

Fordi ON,, by (4), we have

R(B) = Zlbul—5Zlat|+Zlat|Xf+Zla.tl5(xt+f)<f>1a| b |

j#i tIN , i} tON,

Fori ON,, by (5), we have
R(B) =2 || = 5Zlat|+ ZlatlwéZlatl(ms) <laux =[oy|

j#i tIN , i}

Fori ON,, by (3), we have

R(B) = Zlb.ll—JZla.t|+Z|a.llx + Ylao(x +e)

j#i tIN 5 i}
S Z|an|+ Z|a1t|xt +0 Z|a1t|xt +oe Z|a1t|xt
{ON, {0N, N Lo i} N Lo i}

<R, + ey | =[a[d; =[b]
When N, # gandT ={i |4, =) |a,[,iON;} @, by |a,[# > |a,| (OiON,)and the expression oK;andMm,

tON, tN i}
we gel0< K, <1(0iON,) andr_gslxMi =1, which givest =1. So there must exist a positive numdersuch that

1=1<Jd<min{

m|n
ma_)()(1 IDN2 m}
i0N,
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Hence, there always exists a sufficient small pasitnumbere , such that & +&£<1 (QiON;) and
5+5<@an (OiON,) . Constructing positive diagonal matriD =diag{d,,d,,---,d,} and let
1LN3

B = AD = (b;) ., , Where

d =331 0N,)
d =x(30N,)
d =d% + (i ON,)
For0i ON,, byla;|# Y |a,| (QiON,), d, <1 (iON,UN,)andl<J, we get
N, i}
R®) =20 =0 fal+ Tlafx + Xad +e)
tIN i} tON,, tON,
<3 2 laf+ 2 fal+ 2 [
tIN i} tON,, tONg
<o > fal+ X lal+ > [a) = ola | =[by|
tIN i} tON, tON5

ForJiON, ,by5+£<rglinm,we get
ILIN2

(O+&) ) [af+(0+8) Y Jayfx + Z\a“\x[ <[a,x (@iON,)

tON, tONg tIN , i}
Therefore

R(B)= 2|h,|—62|at|+ > |at|xt+2|at|(5xt+e)

jzi tON, i}

<d+e ) [a|+ d+e Zlastlxt+ 2. ladx

tON, tON~{i}

<[ay[% =[]
ForiON,;,byd>1,0<x <r<1(0iON,;)and 0<x <1 (diON,), we get

R(B)= Zlhl—cfZlathzmw 3 [a©x +e)

tON3={i}
SJZI%HZI%I” 2 [al ¥e 2 [l
tON, tON,, tON 5} tN {1

<5R+£|a1'i|:|a1i|di :|hi|

Thus, when N, # ¢ we have proved th@”\ >R (B) (OiON),i.e. BOD. ThereforeA OD.
WhenN, = ¢, at this timel = maxM , type (3) into
iON,

% > D [a]x +AD |afx (@iON,)

tON, {7} tN 5
Let
la|% — Z{I«'}:mlxt
tIN i -
= 2 (i ON,)
T YA 2

tON5
If Z‘ait‘xt =0, setm =+ . By the expression &fl,, we get 0< M, <1(iJN,) and0< A <1. So there
{ON,
must exist a positive numbér, such that

A <o <min{ , minm, 1}

maxx iON,
iON5 X'

Byo < rQ’an ,0> VESIXMi andox, <1 (OiON,), we get
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D ladx + 0 Jax <|ay|x (OiON,)

tON, i} tON,

ladx +9 Dlax <R (DiON,) )

tON, tON, i}

Hence, there always exists a sufficient small pasitumbee , such that

D lanx + 0 Jal(x + &) <|ay|x (TiON,) 7)

tON, < i} tON,

O(x +&)<1(TiON,)

Constructing positive diagonal matiX = diag{d,,d,,---,d.} , and

e (i ON,)
"o (x +e  (i0ON,)

Let matrixB = AD = (b))
For any i LN, by type (7),we can know

RB) =Y b= Ylalx +6§|atl(x[ +6) <|a|x =[]

j#i tON, i} t

For any i [J N ,by type (6),we can know
R(B) = [o|= Ylalx+ Ylafox+e)
' tON, tONS o i}

j#i
< Ylafx+0 Ylalx +a Y ax

tON, tON, o i} tON, i}

<& +55|aii| =|aii|di :|hi|

Thus, when N, = gwe have proved th@”\ >R (B) (DiON),ie. BOD ThereforeAOD.
To sum up, the theory is correct.

Remark due toO< A <1, the theory 2 improve the main conclusion of tager [1], which expand the scope of
determination.

Theorem3. Let A=(a;)0C™" be irreducible. If
lax 2 ladx +ACQ fal+ Dfadx) (@ION,) (8)

tIN , < i} tON, tON,
And at least one strict inequality holds in (8enA 0D .

Proof. By the irreducibility ofA, we know thatO< x <1L(LJi OON,), 0<x <1,

0<M, <1(i0N;),0<K; <1(Ti ON,) .By the expression ofl ,we know 0 <A <1.So there must exist
a positive numbed , such that

A<0< mm{r{]‘&X)ﬁ , %?m,l}
Constructing positive diagonal matlX = diag{d,,d,,---,d,} , and
o) (1ON,)
d; =9% (ION,)
& (0N,)
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Let matrixB = AD = (I, ),.,, , we can know thdB is irreducible.

For anyi LN, , due to 0 < d <land J = maxkK, we can get
iON,

0 lal+ 2fadx+ 2 ek < dal (CiON,)

tIN i} tON,

R(B)=|h|= 5 Dl 2 lal+ Zlatldﬁ

j#i N, i} tON,

39 Zlatl+ D fadx + Zlatlx[ < 516\ | =a

tIN i} tON,

Therefore

For anyi JN,,, sinced < minm (i ON,), we can know

5Zlat|+52|at|xt + Zlatlxt <la[x (DI ON,)

tON, tON 1IN o+ i}
Therefore
R(B) = || =0 Jal+ gl?t|&+52|at|&<la % = b
j#i tON, tON, i

Forany i 0N, ,sinced<d <1 and d 2 maxM, ,we obtain
iON,

Dlad+ Dladx +9 Dllalx <R (QiON,)

tON, tON,, tON5 i}
Therefore

R(B) =Y |p| = 5Z|at|+2|atlxt+5 > [ax

j#i tON, tON, i}
< Zlatl+ 2lal+a Ylalk
tON, tON, tONg~ i}
<k = 6|aii| _|bn|

To sum up |h,| >R (B) (i ON). ThereforeB is an irreducible diagonally dominant matrix. THsnLemma 1,
we have thaBOD . By Lemma3, we obtain thatD .

Theorem4. Let,A=(g;)0C™, N,\J# gand
I={illafx = Xlafx +ACJa/+ > jafx), iON}
tIN < i} tON, tON,
If Asatisfies (8) and fdri 0JJN,, there exists a nonzero elements chajpa,, ---a,, # 0such thak 0 N,\J,
thenADD.

Proof. Since[Ji 1N, there exists a nonzero elements chain,we kKm@axM; > 0.By the expression ofd ,we
iON,

know 0< A <1.So there must exist a positive numbersuch that

: 1
A<d0< mln{max _ lej],\I‘IZ’]m 1}
iON,
Constructing positive diagonal matiX = diag{d,,d,,---,d,} , and
o (1ON,)
d; =X (1ON,)
& (i0N,)
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Let matrixB = AD = (I, ) ..
For anyi IN,, due to 0< 5 <land J = maxK, we can get

iON,
J Y la+ Dllagx + Dllax < dla;| (GiON,)
tIN , i} tON,, tON,

Therefore

R(B) =Y Jn|= 5 Dl 2 lal+ Zlatldﬁ

j#i N, i} tON,
< JWZ_{I@I +m2|atlx[ + Zlatlx[ < 016\ =]

For anyi ON,,, sinced < minm (Li ON,) ,we can know
5y Jal+ Y Ja + 2 &l <[afx @ION,)

tON, tON, tIN ,+ i}
Therefore

R(B) =Y |b| =8> Ja/+ Zlat|><[+52|at|x[<lal>s |

j#i tON, tON, i}

For anyi JN;, sincel0<d <1 and 0 = maxM; ,we obtain
iON,

Dlad+ Dlax +o ZIatlx[ <P (OiON,)

tON, tON,, tON5
Therefore

R(B) =Y |p| = 5Z|at|+2|atlxt+5 > [ax

i%i tON, tON5 i}
< Zlatl+ 2lal+o Ylalx
tON, tON, tONg~ i}
k= 5|aii| :|hi|

To sum up |h,| 2R (B) (i ON). ThereforeBis a diagonally dominant matrix with nonzero eletsechain.
Then by Lemma 2, we have thi&il D . By Lemma3, we obtain that0 D .

2. EXAMPLE
Examplel. Let

ThenN, ={1} ,N, ={2} ,N, ={3} . We can obtain=1/4,P, =1,x, =1/3,
X; =1/4,M; =1/3,K; =1/3,1 =max{M,, K } =1/3. Since
|8,,|%, = 213> A(|ay| +|ay|x;) =1/2

Therefore A satisfies the condition of theorem 2 in this papeA 0D . But
[azx, = 2/3<[a,| +[a{x; = 3/2

So Adoes not satisfy the corresponding conditions eflftheorem in paper [1].
Take positive diagonal matrR = diag{ 7/181/31/9} ,so
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716 1 0
AD=| 7/18 2/3 2/9
0 1/3 4/9
ThatisAOD.
Example2. Let
3 1 1 1

0O 2 0 25
01 1 4 39
05 05 05 5

ThenN, ={1} ,N, ={23} ,N; ={4}. We can obtaih = 0.3,P, =15,x, = 0.2,
X; =02,%, =03,M, = 7/15,K, =7/30,1 =max{M,, K,} = 7/15. Since
|8,,]%, = 04 >|a,|x, + A(|ay| +]a,|x,) = 035
|a55|X; = 08> |a,|X, +A(jay | +|ay|x,) = 0.79267

Therefore A satisfies the condition of theorem 2 in this pape AT D . But
|a|%, = 04 <|a,,| +|a,|X; +]a|x, = 075

So Adoes not satisfy the corresponding conditions efftheorem in paper [3].
Take positive diagonal matr = diag{ 047,0.20.2014 ,so

141 02 02 014
0 04 0 035
0047 02 08 0546
0235 01 01 07

ThatisA 0D
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