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ABSTRACT

As the fundamental structure theorem of infinite exchangeable random variables sequences, the Definetti’s theorem
does not work to finite exchangeable random variables sequences, it is therefore necessary to find other techniques
to solve the approximate behavior problems of finite exchangeable random variables sequences. By using reverse
martingale approach, some scholars have given some results. In this paper we do some researches about the
similarity and difference of identically distributed random variables and exchangeable random variables sequences,
mainly discuss the limit theory of exchangeable random variables.
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INTRODUCTION

Limit theory mainly study independent random variables, but in many practical problems, samples are not
independent, or the function of independent sample is not independent, or the verification of independence is more
difficult. So the concept of dependent random variables in probability and statistics is mentioned. Exchangeable
random variables are major type of dependent random variables. If the replacement the joint distribution of

X,y X,,+++, X, is unchanged, that is, for each replacement of 1,2,---,nthe joint distribution of X,, X,,--+, X is
the same with that ofxﬂ(l), x”(z),..., xﬂ(

exchangeable. Obviously, the independent identical distribution random variables are the simplest exchangeable
random variables. The concept of exchangeable random variables is the first proposed by De Finetti 1930.The most
famous property of exchangeable random variables is its basic structured theorem, called De Finetti theorem; that is,
the infinite series of exchangeable random variables is independent identical distribution, if its tail is o algebra.
Some scholars have given some results about exchangeable random variables sequences ([1]-[5]).The aim of this
paper is generalize the independent identical distribution variables [6] and[7] to the exchangeable random variables.
As the selection method for truncated random variables is different when deal with random variables, so the prove
method is more simple than that of [6] and [7].

0 then the random variable finite series X, X,,---, X, is known as the

THEDEFINITION AND THE LEMMA
Definition [8]. The positive valued function | (X) defined on[o, ) is called slowly changed, if for anyC > 0 ,we

. . . . . - _ n ‘Z
have |im, I (cx) —1Suppose {ani A<i<n,n> 1} is real positive series that satisfy Al =n ! i:1|am| and

(9

a - n “
Aa,n =n 1zi:1|ani| (1)
Lemma [8]. Suppose{Xn ,n 21} are exchangeable random variables, which satisfy(;ov( f,(X,). f, (xz)) <0
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Let A,A,,--- A, be the disjoint non-empty subset of {1,2,~-,n} with m > 2, suppose f,,i=12,---,mis a
non-increase

(Non-decrease) function, then

@If f, >0,1 =1,2,...,mthenE(1l[ fi(xj,jeA))g n Efi(xj,jeA)

i=1
(2)Particularly, for any X, € R,i1=1,2,---,m, we have p()(1 <X X< Xm)gﬁp(xi < Xi)
i=1

Subsequently, we will outline several lemmas, which will be used in the proof of the main theorems. If necessary,
we will also give the proof.

Lemma2 Suppose X,, X,,---, X, are exchangeable random variables, that satisfchV( f,(X,), f, (Xz)) <0

EX, =0,070 =EX}/ < oo(k =1,2,---,n), Suppose there exists a positive constant H such that

sm?!ﬁ,me‘z(k:l,Z,m,n)

then we have p(zn: X, > X]Sexp(—x2/4zn:afj, osxgzn:af/H
i=1 i=1

[EX

i=1

p(zn: X, < —x] < exp[—xz/4iznl:0i2j, 0<x< Z::Uiz/"'

i=1
Proof. Based on Theorem 2.5 in[9] and Lemma 1 in [7], this Lemma is easy to prove.
Lemma 3. Suppose { X, X ; n > 1} are the exchangeable random variables and there exist

h>0,r >0, such that E [exp(h (x)r )} <0 (2) {Xni JA<i<nn> 1} are the exchangeable random variables that

SatiSfyCOV( fl(x nl)' f2 (an)) S 0
EX, =0, {a,,1<i<n,n>1} are real constant array that satisfy

s
(i)Thereexistﬁ,0<ﬁngith limu, =0 and{un,nzl},suchthat|a_x »|Sun|xi| as.

N—ow ni ni |Ogn
.. 550 51 i _0 x2S g2 Vn|Xi|5
(II)There existso >0 and array{vn,n_ },that Sat'Sfyn'_[EVn = ’XniZHam < logn as.

Proof. Based on Theorem 2.5 in [9]and Theorem 18 in[10], the lemma is easy to prove

Lemma 4. Suppose { X, X,;n= 1} are the exchangeable random variables and there exist
h>0, r >0, such that E[exp(h(x)rﬂ <0

{Xni'
Cov(f,(X,,), f,(X,,))<0
EX, =0,1<i<n,nx1 {a

(1) E[exp(h(x)rﬂ <o

1<i<n,n> 1} are the exchangeable random variables that satisfy

1<i<n,n> 1} are real constant array that satisfy

ni?

c|X
logn

B
(2) B,0< B <rand constantc>0 ,such that|ani Xm| < |

a.s.
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Yy |X;

(3) There exists ¢ > 0 and array{un, nz 1} Jlimv_ =0, such that X2 a < as.

ni

n—o |Og n

|§

n
then " a,X; >0 as.n — oo
i=1

THEMAIN RESULTS AND PROOF
Theorem 1. Suppose { X, X.;;nz 1} are the exchangeable random variables that satisfy Cov( f, ( X 1), f, (xz)) <0
Suppose f;, 1 =1, 2 are functions satisfy the above rule and non-decrease with X, X, EX,=0,ap>11(x)>0 is

monotonous non-decrease function when X — +00 {am ,1<i<n,n> 1} are real constant array with,

AL =" Jay|

JFurther, suppose A = Iim SUP A, ,N< o, E|X |ﬁ <o, EX =0

andl<a,f<wl<p<2 AL_1,1 then
p a pB

anan.x =0 &S, (n-c) ®

Proof. Without loss of generality, for anyl<i<n,n>1, supposea ; >0, as { X, X,;;nz 1} are the

exchangeable random variables, and a, X,,a,,X,,---,a,, X, also satisfy
Cov(f,(ayX,), f,(a,,X,))<0

1 1 1
and—=—+E,Then p<anf A2. from (1) we have

p «
anpfn ABA
~1/p . —anpr2/p s anpinz anpna2 <Cn~ aAﬂAZ/erlAaA,BAZ N 0 n — oo
n za‘nixi Cn Z|ani| E|X| anfa2,n
i=1 i

n p
thenn P> a, X, >0n— oo
i=1

From the symmetrized inequality proved in Lemma 14 in [10], we know that, in order to prove

n p
n‘]/pz:ani X, —>0,n — oo, we just need to prove
i=1

1

—77 i X —-0 as.n—>w
n

where XiS is the symmetrized form of Xn ,From Lemma 3 in [11], we have the symmetrized series of
Cov(f,(X,), f,(X,))<0

also satisfy the inequality, i.e. Cov( fl(x S ) f, (Xzs )) < 0,Without loss of generality, we assume that{xn, nx1} are
the symmetrized exchangeable random variables that satisfy Cov( f.(X,), f, (xz)) <0 foralll<i<n,
n>1,Letting

X[ =X (X | <)+ 0?1 (X, > 0?7 ) =1 (X, <-n¥?)

X=X (X >0 ) =¥ 1 (X, > 0¥ )+ 1 (X, <-n*7)

X=X (|X;]>n*")
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a‘r,1i =a,l (|ani| < nl/a)

a:i =a, _ar’ﬂ = anil (|ani| > n]/a)

then

Zanl i Zanl |+iar’1llxl+iamxl" (4)
1 1 1 I e

-t ol LR

and E |X |ﬁ <oo which is equivalentto " P (|X "> n) <o then Z::1P(|xn|ﬁ > n) <o
From Borel-Cantelli Lemma, we have P(|xn|ﬁ >n, i,o,) =0. hence

18,
H§|Xi1 —0as.(n—>x)

From Holder inequality,|Xi"|S|)zi" < )?;1'8(“"1)/“ VP g

18 o)
HZ|X(1 —0 as.(n— )
i=1

then
Bla-1)/a

X1

—l/p

RS ELROICH
i=1
1 B (a-1)/a
<A, {HZP(” J — 0 as. (n—>x)
i1

Therefore, we have

Rfsn'3

n|

n‘”pZamX,”—w as. (n— o) (5)
As£=l+i, av f <1 then
p «

1+<2a>*+<2ﬁ>*{aiﬁ

“ P 1 ifanfg>l

ifanp<1

2
Therefore, wehaveZE i’ I) <CnA®2 . pe)/asp) /ﬂ”X”ﬁA2 (max{nz/“,nz/ﬂ,n})

an2,n
=1

Moreover, foranyl<i<n,n>1,we have|n Yra! X

max {n¥*,n"”,n} =0 (n*"log ™ n), From

|< nY*nY#n=Y? =1 and

ni i

Lemma 2, for sucient small " and sucient large n, we have

2 2
[n”pZamX, >8j<exp[4nZ/Po(max{nz/a,nZ/ﬁ,n}) Sexp(—g (IOQn) )
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n
By the same procedures, we can also prove that P (n—upz a, X/ < —gJ < exp(—g2 (log n)z) :

i=1
n n
Soz P(n"”pZar’“X{ > gj <00, then
i=1

i=1

n
"> a X/ >0 as.(n—> ) 6)
i=1
n n
Forl_1 L wehaven™? > arX/|<n ¥ n" > [a,|1 (% > n””)
p « ﬂ i=1 i=1
n
< n_1/p+1/ﬁn(17a)/a2|ani|a = AZ’n (7)

i=1
Then from (4),(5),(6),(7), we have

n—o0

limsupn™¥? Zn:amxi <A as. (N> )
i=1

By replacing X; withtX. we have

limsupn™? Zn:amXi SATz as. (n— )
i=1

n—oo

Lett — oo ,we have

%Zn:amxi — o as. (N> )
i=1

the inequality (3) is true.
CONCLUSION

As the fundamental structure theorem of infinite exchangeable random variables sequences, the Definetti’s theorem
states that infinite exchangeable random variables sequences is independent and identically distributed with the
condition of the tail c-algebra. So some results about independent identically distributed random variables is similar
to exchangeable random variables. As the fundamental structure theorem of infinite exchangeable random variables
sequences, the Definetti’s theorem does not work to finite exchangeable random variables sequences, it is therefore
necessary to find other techniques to solve the approximate behavior problems of finite exchangeable random variables
sequences. By using reverse martingale approach, some scholars have given some results. In this paper we do some
researches about the similarity and difference of identically distributed random variables and exchangeable random
variables sequences, mainly discuss the limit theory of exchangeable random variables.
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