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ABSTRACT

The systems of impulsive hyperbolic partial differential equations with Robin boundary value condition are
investigated. Several new sufficient conditions of oscillation for such systems are established by employing
impulsive differential inequalities and integration.

Key words: Impulsive; Delay; The systems of partial diffeiahequations; Oscillation

INTRODUCTION

As an important study field of impulsive partiaffdiential equation, the oscillation theory of intgiue partial
differential equation has various applications difiere it has aroused great study interests in tegears, and the
study about oscillation theory of impulsive partidferential equations also gradually draws pegpdtention [1-6].
This paper considers equations

g—;[ui (t,x) +c(tu (t=7,X)] +%[ui(t, %) +o)u(t -7, X)]
= a (AU (t, ) +iq| AU - (1), %)

—i p; (XU, (t—o(t),x), ¢, X)UR, xQ, 1)

j=1
t#£t,k=1,2;--,i0l, = {,2;-- m},
u(t,, x)—u (t,x) =au t,x), k=1,2;--j0lI

m!?

ou (t,,x) _au(t,,X) -3 ou, (tk,x)’ k=1,2; 01,
ot ot ot
with boundary condition
%+gi(t,x)ui(t,x):0, xdoQ,t#t, ,idl,, )

where, R, =[0,+»), G=R, xQ, u, =u (t,x), Q 0 R"denotes a bounded domain With piecewise smooth
boundary ,
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We study the oscillation problem of equation (13hwboundary condition (2), obtain sufficient comatit for the
oscillation of all solutions and extend the prewaesults by using existence condition of the avalht positive
solution, combined with the impulsive differentiaéquality. In the following, we will use the cotidns as follows:

(HD) 0<t <ty <-o- <t <oor, i, =40, lim (t=0(1)) = im (t=p,(0) = +eo

Kk - 400

O<a,<B.k=12;-- 00 & 8 OPC ([0 ),[0+0 ))c{ JC' R R )

(H2) p;E,x)0 PCG.R), p, t.x)> 0, p, €)= )rgénpn (x) B UF igppij t(x )|

m

Q(t):]rgép]{ p(t) — z Tin(t)} >0, i1, jOI,, here PC denotes piecewise smooth continuous

j=Lj#i
function with the following properties: only disdamuous ont =t,, k =1, 2,--which are discontinuity point of

the firstkind and left continuous oh=t,,k=1,2,--;

(H3) the N in (2) is the unit vector normal t@Q ,pointing out of Q, g, (t,X)is continuous nonnegative
function on [0, +00) X 0Q ;

ou (t
(H4) u(t,x) is the solution satisfied the boundary conditiefisequation (1), and% is the partial

derivative of U, (t,X) both are piecewise continuous function with digasity point of the first kind on

t=t,,k=12;--. Suppose that they satisfy the following equatibimpulsion:
Ut x) =u . %), u . x)= Q+ra € x), k=12 01, 3)

au, (t, ,x) ou, (tk,x) du (t,,
ot ot ot

-+ /zk)a” (tk’x) k=12, 01 @)

1. THE MAIN RESULT
Theorem 1. Suppose condition(H1) — (H 4) satisfied, if second-order impulsive differeniisqualities

W' () + W (t) + Q(t)w(t — o (t)[L - c(t — o (t))] <O,
t2t,t#£t, k=12,

w(ty) =@+ aw(), k=1,2;--,

W(t) <@+ BIW ), k=1,2;--,

(5)

doesn’t have eventually positive solutions, theaerg\non zero solution of problems (1)-(2) is ostiin in domain

G.

Proof. Suppose systems (1)-(2) have a nonzero and ndlifatisn solution
u(t, x) = (u, (t, x),u, €, %), -+ u ¢ x)),

let us assume wheti 2 t, > 0,we havdu, (t,X) P 0j = 1,2,-- m. Set
3 =sgmy €X)2 ¢ X )= dy, (X)
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Then Z(t,x) >0, {t,X)O [t,, )% Q. From condition (H1) we can see there i§; >t,, when t=T, we
have Z(t,x) >0,z t—p (t).x)> 0,z t-0c ¢)x)> 0, (t, ) O[T, +0)xQ,i=1,2;-- m| =12 s

When t #t, i}, we integrate both sides of equation (1) 6h

3_:2 (IQ U, (t, X)dx + c(t)J‘Q u (t—7,x)dx) +% (Lz U, (t, x)dx + c(t)jQ u (- 7,x)x)
=a (t).[Q Au, (t, x)dx + i a, (t)J-Q Au, (t—p (t),X)dx + ©
_fH;HKtHWG‘Oﬂ%XMKtznjmlwkszr”

then

e (j 7t 9dx+c)f zt-T, x)dx)+—(j 7t x)dx+c) 7 (- rx)dx)

=a )] 2zt X)dx+ Y3, (1) |8zt~ a @), )dx+ @)
1=1
_i%jﬂ p, (t,X)z, (t—o @), x)dx, t=T,,i00, k=12 .
i=1 %
It can be derived from Green Theorem and the bayratandition (2) that
[z (tx)dx=]_ Mols, -[ _a,t.X)2 t.x)ds<0,

t_Tl,ID|m,k=1,2;--, (8)
_ 9z(t-p(t).x)
fo0a(t=p (), 0dx= [ = s
=],, 9= (1), %)zt~ g t),x)ds ©
<0, t>T,i0l k=12,

here ds denotes the area element @ . Combining (7),(8),(9) and conditiqtd 2) , we can work out the form

j—;( jgz(t,x)dx+c(t)jﬂz(t—r,x)dx)+%( [, 2 X))z ¢-7.x0K)

~p, 0] z2t-0 )+ S B0, 2 -0, 0K, o
t>T,i00 k=12,
Set

V)= ztd t2T,i00,

By form (10), we have
[vi(t) + (v (t=D)] +[v(D) +dDv(t-7] +
+Ip(Ou(t-a()~ Y. B (Y, (t-o(0)] <O, a

t2T t#t k=1,2;.
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Set
V(t) = Zm:vi (t), t=T,

Combining this form and form (11), we have

V(D) +cV(t-2)] HV() +d)V(t-7)] +

+3 I OV(t-00) - > BOVt-oI<0, 2

t2T, k=12
and hence
V() + OV (t =) V() +(OV(t -] +
H[ puvit-o0)- 3 5,0y, t-o0] +
[ patvat-o®)- > Py t-o@)] +

j=1,j#2

+ooot[ P OV, (- (1) - i P OV, (t-o@)]} <o,

j=1,j#m
tZTl, k=12.--.
furthermore we have

V() + OOVt —1)]" HV() +(OV(t-7)] +
AL - b vt-o)d pa- > P 4] vit-o()+

j=1,j#1 j=1,j#2

m

tot[pm® = Y PaOValt-o®)} <0, t2T,,k=1,2;-,

j=1,j#m
then

[V(®) +cOV(E-D)] HV() +d)V(t-D)] +

rmin{ p, 0= 3 7€} Yut-om)s0r=T k=12
Consequently, we have e -
V(1) +(OV(t-D)] HV() +d)V(t-D] +Q It -AD) <O, 13)
t2T,k=1,2;-.
Set
w(t) =V () +ct)V(t-1)=2V(t)>0, t=T,
then form (13) can be rewrite as
W () +W(t) +QUV(t-a(t) <0, t=T, k=12;- (14)

Thus, we have

[EW()] +e€QYV(t-o(P) <0, t=T,k=1,2,--.
From the above discussion , we can see that
w(t)>0,V(t-ot))>0, w¢)] <0, t#t k=12;-
So éW(t) is a monotone decreasing function (tk,tkﬂ], W (t) is also a monotone decreasing function in
(t, . te.], itmeanswW'(t) <0, t#t, ,k=1,2;--.
On the other hand, wheh =1, , by using (3),(4) in(H4) we have

1373



Xiaogi Ning and Shujun You J. Chem. Pharm. Res,, 2014, 6(7):1370-1377

u (t,x) = 1+a, )u @, ,x), W_ 1+, )6Ui g:,x) ,
Hence
sgry, € X )= sgm, t x ), ng}: S{Hau'g+x)j
then

V) V) = D) ()
. Z::jg(;(t;,x)—a (-, x))dx
=z [.[san € x)u, € x)- sang € x N 1 x Jx
=2 [ san@ 6 X € X)-u € x)bx

:iJQSgn(Ji € x)au (t, x)dx

=a,V(t),
furthermore ,we have

w(t, ) —w(t, ) =V () +c(to )V (t —1) = [V(t) +c(t V(L —7)]
=V(E) -V (1) + etV (G 1) - V(L -D)]
= ak[\/(tk) + C(tk)v(tk —71)]
= akqtk)!

Thus, we havew(t, ) —w(t, ) = a,w(t,). Note that w(t, ) =Ww(t,), we can also have
w(t,) = @+a, )w(t, ). (15)
Similarly, we can prove

W(L) =W (L) < AW(E,):

note that

V) V) = 2V V()

v, [0z, 07,0,
_Z.[Q|: ot }

-\ nY (t %) \0u (6, %) 90U (6, X) U (. X)
,ZJQ{ Ta Na T }dx

_\ ﬂu (t X) aui(tlz'x)_aui (t.. X)
=2.Joson¢ { ot ot }dx

_ij Sgn,au(t x))gkau (t x)d

Q

1=
m

= ﬂkzvi,(tk) =BV (t),

i=1
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then
W () —W () =[V(E) + etV (t -] V(L) +dt) V(L -]

=V'(t) +[e(tOV (e -] -V(t) {d oVt -]

=V'(t) =V (t) +C OVt — 1)+t V' (t = 7)
—C(t IV {t —1)—ct V't —7)

=[V'(t) -V )1+ (tIIV(L - 1) -V(t -]
+e(t )V (t —7) -Vt —1)]

=BNV'(t)+ct)aV({t, —1)+ct )8V (L, —1)

< BAV(t) + V(L — 1) +c(t )V (t —7)]

= AV (L) + etV (L, - 0]

=BW (L),

thus, we have

W(L) - W(L) < BW(L,).

furthermore , becausaV/ (t, ) = W (t,), we have
W) < @+ BIWE,). (16)

By using (15),(16),we can work out
wW(t)=0, t=T, t#t,.

In fact, if the above form is wrong thehIT, = T,, such that W(T,) <O, let us assumew (T,) = —¢, (> 0).
By

W(t)<0, t£t, k=12, W(t))<@+BIW(E), t=t k=12;

together with lemma 5.1.3 in [6], we have

w(t) <w(T,) |_| L+ 4)=-c |_| 1+4), t=T,.

T, <t <t T,<t <t

Note that W(t, ) = (1+a, )w(t, ), then we have

W) <w(T,) [T @+a)-cf. [ @+a,) [ @+B ¥s

Ty <t <t 2 s<t, <t T,<ty<s
t 1+
= [ @ray)|wr)—cf [ =Leas|,
T, <te<t K T2<tk<sl ay

note 0<a, <f, in (H1), therefor we havew(t)<0, t=T,, according the above form , this

contradicts toM(t) >0, t=T,. Byw(t) =V (t)+c(t)V(t—-7), t=T,t#t ,k=12;--. together with
form (14) we have

W' (1) + W (1) + Q)IW(t - a(1) — et - o))V (t - a(t) - 1)] <0, .
t2T t#t k=12;. an

Since
Wt)2V(t), W({)=20, t#t k=12;-

the form (17) can be rewrite as
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W' (t) + W () + Q)W(t —o(t))[L-clt—o )] <O, t =T, t £t k=1,2;-- (18

therefor combining form (18) and form (15),(16) wan see thatw(t) is a eventually positive solution of
differential inequality (5),this contradicts torwhition of theorem 1,and we complete the proohebrem.

Theorem 2. Suppose conditiofH1) — (H 4) satisfied, further more suppose
() Osot)so,0sp,t)<sp,j=12-m

(i) if Zak < +oo, Zﬁk < +o0, and for each are sufficiently largg , we have
k=1 k=1

[ ] a+al [ a+BX-QE)a-c(s-a(s)} dsdy

lim inf —== B = —oo,
t - +oo
' [ 1 @B @radn
T<t,<n n<t <t

Then every nonzero solution of problems (1)-(2)ssillation in domain G

Proof. By theorem 1 we only need to prove the nonexigeiche eventually positive solution of the seconder
impulsive differential inequality (5). Suppos@/(t) is a eventually positive solution of the impulsidiferential

inequality (5), then there exists a real numb& max{cg, p}, and W(T —0) = 0,in form (5), we notice that
W(t)20 and W(t—-o(t))=20,t=>T,t2t, ,k=12;-- hence we have

W' (£) + W(T — 0)Q()[L - c(t - ()] <O0. (19)

combining (19) andw (t;) < (1+ B )W (t, ), in (5), we can use lemma 5.1.3 in [6] to get

W Sw(T) [ @+ B)+

T< <t

+[' 1 @+ BN W -o)-c(s- o)} ds,

s<t, <t

(20)

and together withw(t, ) = (L+a, )w(t,) in (5) we have

wt) <w(T) [T @ra)+[ [ araXwm) [ @+ B0+

T<t<t n<<t T<t<n

+[7 1] @+ B -w(T -o)QE)i-cs-o(s)] dg dy

s<t <n

=wW(T) |‘| (1+afk)+v\/('l')J'Tt |_| 1+a,) |_| 1+ B, dn +

T<t <t n<t <t Tt <n

(21)

+w(T-0)[ [ a+a)f [ a+AI-Qen-c(s-o(s)]]dsdy

<<t s<te<n

for t >T, there exists real integBl such thatt , <t <t and so

m+1?
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[ T a+B0] aradn

T b= <<t

<[] a+axq S ﬂ @+ B[] @ra,p+ [ [ @+ B

k=j+1

- ﬁ(lwk)(tl—nfm 1+ B[] @@ )t )} (22)

k=j+1

+ H 1+ )t -t,)

< +00,
For t > T, the inequality (21) with both sides divided be {kft side of (22), we obtain

- [ @+a)aT)
< t T<t, <t
[ 11 @8[] @radn [ [ @&BI[] @acpn

T<t.<np n<t.<t T<t.<n n<t.<t

+ad(T)+

oT-0)[ [T a+a)f 1 a+BX-Q6[ 1-c6-o @)} dsin

<t <t S<te<n

[ 1 a+B0[] @ran

Tt <<t

+

Notes

t
[ 1 @ BI[] @Wradn -+, t — +e,
T<t, < Nt
We get
lim inf — W) = o

S @B aray @)

T<t,<n n<t <t

According to condition (ii) in theorem 2, on thédet hand byv(t) >0, t=T, we have
.. w(t
lim inf ®)

S @8O @radn

T<te<n <<t

=0,

This form contradicts to (23), hence impulsive elifintial equation (5) doesn’t have eventually pesisolution,
and we complete the proof of theorem 2.
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