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ABSTRACT

This paper considers the existence and uniqueness of the global smooth solution for the initial value problem of
guantum Zakharov system. By means of a priori integral estimates, Galerkin method and compactness theory, one
has the existence and uniqueness.ct.
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INTRODUCTION

The Zakharov equations, derived by Zakharov in 1PIj2 describes the propagation of Langmuir wavesam
unmagnetized plasma. The usual Zakharov systemetefn space time; d+1 js given by

iE, +AE = nE,
n,—An=A|EF,

Where E:j 4 _ £9 is the slowly varying amplitude of the high-freqag electric field, andn:j 9" _,

denotes the fluctuation of the ion-density fromeitgiilibrium.

The Zakharov system was studied by many autho.[R: [4], B. Guo , J. Zhang and X. Pu establihéobally
in time existence and uniqueness of smooth soldtiora generalized Zakharov equation in two dimemsi case
for small initial data, and proved global existerafesmooth solution in one spatial dimension withagy small
assumption for initial data. Linares F. and Mathelis [5] obtained global well-posedness results tioe
initial-value problem associated to the 1D ZakhaRubenchik system, and the results are sharp ire Sitmations
by proving ill-posedness results otherwise. In [Bhares F. and Saut JC. proved that the Cauchyl@mo for the

9
three-dimensional Zakharov-Kuznetsov equationdally well-posed for data ikl °(j 3), s> g .

By using of a quantum fluid approach, the followimgdified Zakharov equations are obtained [7].

iE +E,—-H’E_, =nE, (0.2)
2 — 2
n,-n,+HN, = E[,. (0.2)
Where H is the dimensionless quantum parameter given byrdkio of the ion plasmon and electron thermal
energies. The presence of large valueldf points to the possible experimental manifestatibguantum effects in

the coupling between Langmuir and ion-acoustic readedense plasmas. Quantum effects may imply itapor
consequences in the behavior of high density dsyigipal plasmas. In this case, quantum effectsecansoverall
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reduction in the wave-wave interaction level. Thigusing effect may extend to quite long periodstiofe,
indicating that the recurrence properties verifiedhe classical Zakharov equation are enhancethéyjuantum
effects.

In this paper, we study the systems of (1.1),( Wit the following initial value data.

Elo=E,(X), n].;=n,X),n L=n,&)xTj , (0.3)
We mainly consider the existence and uniquenetisecgolution to the system.

We introduce a real-valued unknown funct@®{X,t) . Then the problem (1.1)-( 1.3) can be writtenhia form

iE +E, -H’E_ —-NE=0, (0.4)
n-¢, =0, (0.5)
¢ -n+H’n —|E[=0, (0.6)
with initial data
El-o=E(X),no=ny (), |-~ b, &) (0.7)

Now we state the main results of the paper.

Theorem 1 Suppose thdE,(X) OH'™*(j ),ny(X)OH"™"*(j ), n(X)OH"?(j ),1 =1. Then there exists a
unique global smooth solution of the initial valu@blem (1.1)-( 1.3).
E(xt)OL"(0,T;H'™), E (xt)OL” (0T H")
n(x,t)0L*(0,T;H"™), n x,t)dL” (0T H'"?)
n, (x,t)0OL"(0,T;H").

For the sake of convenience of the following cotdgxve set some notations. HaE <, we denote

L9 “) the space of alld times integrable functions in ¢ equipped with norm”'”,_q(i ay or simply ||-|||_q
and H®P(j ¢) the Sobolev space with noHr“hs,p(i o). 1 P=2, we write H®(j ) instead of H>?(j ).

Let(f,g)= j f(x) L&y (X)dX, where g(x) denotes the complex conjugate function @fX) .

The paper is organized as follows: In section 2nveke a priori estimates of the problem (1.4)-(1l@)section 3,
first of all, we obtain the existence and uniquenefthe global generalized solution of the probl@m)-(1.7) by
Galerkin method. Next, the existence and uniqueog® global smooth solution of the problem areamed.

PRIORI ESTIMATIONS
Gl In this section, we will derive a priori estinmts for the solution of the system (1.4)-(1.7).
Lemma 1 Suppose thit (X) [J L?(j ). Then for the solution of Problem (1.4)-( 1.7) kave
I EIZ, =1l Ey(x)I%.
Proof Taking the inner product of (1.4) a&d it follows that

(iE +E, -H’E_,-NE,E)=0 (0.8)
since
Im(iE, E)=EE|| EI%, ImE,-H’E_ -nE,E)=0
1 2dt L2 XX XXXX 1

hence from (2.1) we get

d

—II'El?, =0,

dt -
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HEIZ =1 E;(X)II%.

Remark Throughout Section 2 the inner productstaken here formally, since we have not yet estabds
existence in the proper spaces.

Lemma 2 (Gagliardo-Nirenberg inequlity) Assume thauJL%(j "), D™uOL (j "), 1<sq,r <o,

0< j £m, we have the estimations

i < m ||a 1-a
I Dlul, . <ClD"ulf Il
where C is a positive constantQ < d <ax<l
m
1 1 m 1
e L +l-a)—.
p n rn q

Lemma 3 (Gronwall's inequality) Let7(] be a nonnegative, absolutely continuous functiofOpTl ], which
satisfies for a.e .l the differential inequality

') <s@tnt) +¢),
where @At) and ¢/(t) are nonnegative, summable function§@ ]. Then

10<* " [0+ [ @]

forall0<t<T.
Lemma 4 Suppose thet, (X) OH*(j ), n,()OH?(j ),#,(X) OH?(j ). Then we have

SUp[ | Byl % HI nJ1% +1 8,012+ ENZ+ nl%+1 612]<C,

Ost<T

Proof Taking the inner products of (1.4) arld, , it follows that
(iE +E, ~H?E,, —nE,-E)=0. (0.9)
Since
Re(E ~E )= 0, Re€, ~E =291 E R
* 2dt
H? d

Re-H?E, ~-E)=——|E_I? ,
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Re(-nE -E, ):%ji niEf o

:%g e ck——;ji nET &
=%§ | n|EF d(__;j; n @ -n+H>n_ )k
=22 nIEF &-2] ngckr I +H—;—3n 2
= 28] nIEF o[ g g o lniE +H_:—(‘;|| 2
:%& n|EF ob<+%§|| b2 +711§|| nl? +H—j—:|| 2,
thus from (2.2) it follows that
%[n EJZ +HAELJZ+] nlEF d»<+—;|| 8,12 +—$|| nl2 +H—22|| nllz] =0

Letting

I

x'2 x| 2

1 1 H?2
w(t) =| EXHi2 +H?| EXX||E2 +.[i n|E |2 Cb(+§|| ) |2 +_2|| n”l_zz +_2|| n

and noticing (2.3) it follows that
w(t)=w(0).
By using Holder and Sobolev inequality, it follotet
1, e 4
[ niEf dx‘szll nl, +l EI,

1 2 3
szll nl’, +Cll EJl Il EII”,

1 1
gl +2IEJE +C.

Hence from (2.4) we get

I E P+l ElI%+HI ¢

X' 2 xx ' 2

1%+ nll%H nll% < C.

x' 2 x''L2

Taking the inner products of (1.6) aﬁg(XX it follows tha

(@ —n+H*n,~|EF .4, )=0
Since

_1d, o
@ bu) =5 Bl

o id o

() = (1) ==l
H? d

(HN, B) = (H om0 ) =l
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(C1EF @) =| (E | 84 )
<C(Il Ell 1N Egll HI BJLLTEN I @l 2

<C(l g, I, +1),
thus from (2.5) it follows that
id I @ 5+ n % +H2A n 2% [<C(l ¢,l1% +1)
zdt[ x| 2 x! 2 XXLZ]— xx ! 2 .
(0.13)

By using Gronwall's inequality, it follows that

| g I+ nJ%+l n 2 <C.

xx'' 2 =

From (1.5) and (1.6) we get
I, <cl g, sc,

I @l < C(l nll .+l [l .+l Ell I Ell ) < C.

xx ' 2

Differentiating (1.4) with respect td, then taking the inner products of the resultiggaion and, , it follows
that

(iE,+E, ~H’E_, -nE-nE,E)=0. 0.14)
Since
MG, £) =N E, 1M (E, ~HE, N, E)=0,

Im(-nE, E)|<Cll Ell. I nllLIl Ell. <C(I EIP, +1),

thus from (2.7) we get

d
EH El, <C(I EII, +1). (0.15)
By using Gronwall's inequality, we get
IEJR <C.

From (1.4) we obtain

I Exedll: SCU B+ E Nl .+ nll I Ell ) < C.

XX 2

Lemma 5 Suppose thit (X) OH*(j ), n,(X)OH*(j ),@,(X) OH*(j ). Then we have

SUP[I| 2 Hl N2 H] 1241 N I2 4 1] < C.
O<t<T

Proof taking the inner product of (1.6) arﬂ£¢ , it follows that
(4 —n+H?n - |EF,04)=0. (0.16)

Since

8 _EE 2
(¢t'ax¢) - 2 dtH ¢xxxx|||_2’
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1d
(-n,0%¢) = (-n,8°n) ZEE” N llZ

H? d
(H?n,0%¢) = (H anx,afn[)=7a” Nigoad |+
(CIEF.030)=|@: IE P B )< Cll Elloll Epollall Bl
< C(l B lZ. +1),

thus from (2.9) we get
d 2 2 2 2
E[” Doz Hll N 15+ 0 IILZ}SC(II Dol 2 + 1)

By using Gronwall's inequality, it follows that
| @l HI 012+ N 12 < C.

xox ! 2 =
From (1.5) and (1.6) we obtain
I @oall 2 SCU Nl HEng M+ EILLITE ) < C,
Il . <ClI @l - < C,
Il <Cll gl . <C.

(0.17)

Lemma 6 Suppose thg, (X) OTH ™ (i ), ny(X)OH™?(i ), ¢,(x) OH™?(i ),m=0. Then we have

SUAILE 68 Yyl 1 G Dyl 6 & £ Nyt B 1Dty &80 B ] <C

Ost<T

wherethe constantC only depends on| EO(X)||HW4, [ no(X)||Hm+2 | ¢O(X)||HW2 .

Proof The lemma 6 is true whem=0 (lemma 4). Suppose the lemma 6 is true wien K, (k = 0), i.e.

SUFIl E @t ), e HI N & E N ol @ & E N ot E 8 ), HIin & 1D H @l ]<C

O<t<T

Taking the inner products of (1.6) aell) " 92““¥g , it follows that

(@, —n+Hn,—|EF, "0 %)= 0

Since

(6 (<2102 99) =221 3k

(-1, (-107%79)= (n, (107 )= L 0 il

12
2 _1\k+t1x32(k+3) - a +1y 2k+ 2 _H_ZE k+ 2
(H™n,, (=197 9p)= (H ., (- 1)" 0,7 *h )= 5 dtll 0%

L2 L]
(-IEF, 11029 )= 0% [E oL B )
< Cll Ell.ll a§+3EIILz|| a§+3¢IIL2

<C(l 057¢ll%, +1),
thus from (2.11) it follows that
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1 d + + + +
S Ll Ol 0Ll + H A0 I | (1 05 B2 +). 0.19)
By using Gronwall's inequality, it follows that
102112, + 0% 2nll2 +ll 0"l 2 < C.

From (1.5) and (1.6) we get
I 05" *nll. < Cll 9§°ll . < C,
I 0@ ll, < C(l 3 nll .+l 0 "nll -+l EIl.Il 9l ,) < C.

Differentiating (1.4) with respect tot , then taking the inner products of the resultinguation
and(—1)"*02**PE,, it follows that

(iE, +E, -H’E_, —NnE-nE,(-1)"'92*YE)=0. (0.20)
Since
H + + _ 1 d +
Im(iE, , (1) 03" 1)E:)—§E” O EN,
IM(E,,, - H2E,,,(~1)"*02¢YE, ) = 0,
Im(-nE, (-1)*0;*""E, )| <| @}*(hE) 05 E, )
<C(I 3% Il ElL -+ 9 ElLI I )1 95 E N,
<C(l o;"ElZ +1),
Im(=nE,, (107, ) <| @} (nE, .05 E, )
<C (Il 3%l Il Ell+I 0E I i)l 957 E
<C(l oy ElZ% +1),

thus from (2.13) we get

d
SN <CAl o EIE +1) (0.21)
By using Gronwall's inequality, we get
I 0* EI? <C.

From (1.4) we obtain
| 052El . < C(l 0 E |, +I 9Bl ,+I 9%l LIl Ell L+l nll Il 95l ) < C.

Hence

SUR[Il E & £ )yl &t Yot @ &E N st By &L D+

O<t<T

. H gl L] <c.

The lemma 6 is proved completely.
Lemma 7 Suppose thaE,(X) OTH"™(i ), ng()OH"*(i ), ¢,(x)TH"(j ),1 20. Then we have
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sul E @t ), o+l nt ), .+l @ &)+l E &t ), +

Ost<T

O+ g+ n (bl ] < C.

where the constanC  only depends orll Eo(X)ll,,.a, [ (e, | o (1,1cs
Proof The lemma 7 is true wheh= 0 (lemma 4, 5). Suppose the lemma 7 is true Wtek, (k= 0), i.e.

SUFLIl E @ £ ) e M & N tl @ K ED vt E, 1D, +

Ost<T

+|| n[(xit)||Hk+2 +|| ¢t||Hk+2+|| nﬁ(x’t)”Hk] SC
Differentiating (1.4) with respect tot , then taking the inner product of the resultinguaipn and
(-1)**192¢VE , it follows that

(E, +E, -H’E_, —nE-nE,(-1)*"'9?*“YE)=0. (0.22)
Since
|m(|En (_l)k+162(k+1)Et):1£H 6k+lE||2
! x 2 ¢ Y
IM(E,,, = H’E e, (-0 95E) =0,
Im(-nE, (-1)"02*VE ) <| @ (NE).0% E, )
< C(I o™l Il Ell, +I nll LI 5™ E L)l 05T EN
<C(l 05" E 7 +1),
Im(=nE,, (-1)"*07*"E, )| <| @} (nE, .05 E, )
<C(l o™ nll I Ell, +I nll Il 957E N ) 05 E .
<C(l 05" E 7 +1),

thus from (2.15) we get

1 d + +
EE” 0, El% <C(l 0EN +1). (0.23)
By using Gronwall's inequality, it follows that
| 0“*E|I3, <C.

From (1.4) we obtain
| 0Ell, < C(I 5 E, |, HI 93Ell . +I 05l Il EIl , +

I nll Il 9¥™Ell .) < C.
k+5 k+1 k+3 k+
| 055l < C(I <€l + 0 °El L+l 9l I Il +
I nll Il 9¥™Ell .) < C.
Taking the inner product of (1.6) an@—l)k+16)2((k+5)¢, it follows that
(@ —n+Hn +|EF, (102 %)= 0. (0.24)
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Since

(6 (-1100-99) =21 05 Pl

(-n, (=10 9g) = (-n, 9 *n F%%H 0, il

L21
2 _1\k+132(k+5) 2\ — _ K+ 1y 2k+ 4 _H_ZE k+ 2
(H2n,, (-1)*02% %)= (H n,, (1) 09 *h )= > dtna Hl

L2 ]
‘(l E |2’(_ 1j<+1af(k+5)¢ i :‘ @k+5 IE |26|)<<+5¢ I)
<l 9°5Ell, | ElLIl 0,

< C(I 0"°gl’, +1),
thus from (2.17) we get

d
E[H 0 °glI%,Hl 05 *nll% + H Al 0" ﬁwllfz] < C(Il a5" Bl 3 +1). (0.25)
By using Gronwall's inequality, it follows that

| 9%+ 9 *ril%+] 9 Tl2 < C.

L2
From (1.5) and (1.6) we get
k+3 k+3 k+ k+3,
10,1, < C(ll 9*nl ,+I 0*nll ,+l| 0 *EI | Ell ) < C,
I 9%"nll . < Cll 05"°¢ll , <C,

2 -
| 8kl <Cll 9°%,)l , <C.

L2
Hence

SUI E 6 £ ) ot NG E N ot @ &), ot B & ED o+

O<t<T

A e Hl Bl R (1] < C.

The lemma 7 is proved completely.

THE EXISTENCE AND UNIQUENESS OF SOLUTION

In this section, we formulate the proof of theoréntrirst we give the definition of generalized swn for problem
(1.4)-(1.7).

Definition 1 The functionsE(x,t) O L”(0,T;H*( ))n W™ (O,T ;L*G )). n(x,t)OL*(0,T;H*( ))
AW (0,T;L%( )),#(x,t)OL”(0,T;H?( ))nW" (0O,T;L*( )) are called generalized solution of
problem (1.4)-(1.7), if they satisfy the followimgfegral equality.

(iE,v)+(0%E,v)- (H?E,v)- (nE,v)= 0,
(N, V)= (V) =0,
(4. v) - (V) + (H*n, v)- (IEf v)= 0,
(Ex0)V)=(E X)), OX,0v)= 6 &)v), @ &.0yF & k)
Now, one can estimate the following theorem.

Theorem 2 Suppose thaE,(X) TH*(j ), ny(X)OH?(i ), @,(X)TH?(j ). Then there exists a global
generalized solution of the initial value problebt)-(1.7),
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E(xt)0L°(0,T;H?), E (xt)OL” (0T L)

n(xt)JL"(0,T;H?), n (xt)OL* (0T L*)

p(x,t)OL°(0,T;H?), ¢, (x,t)OL” (0T L)
Proof The existence is proved by the Faedo-Galeriéthod. We choose the basic periodic functigeg ( ¥} as
follows

~af() =40, (0, @, (OH? N H3, j=12L |
For each| we define an approximate solutiofE;,n,#,) of problem (1.4)-(1.7) as follows

E'(X,t)zza,-(t)wj(x), n'(X,t):Zﬁ,-(t)wj(X), ¢ (XI):ZV,-(t)wj(X),

and
i(E,@)+(0:E ,@)-(H%,E" @)-("E',@)=0, (1.1)
(N,w)-0%¢",@w)=0, k=1L d;s=1 | (1.2)
(4, @)- (' @)+ (H?n" ,w)-(IE fa@)=0 (1.3)
E'(x,0)=Ey(x), n'(x,00=n, ), ¢'&,0)=¢; &) 1.4)
and

B0 DM B, n() Ot -ny(x), #0001 - gyx), |- e

Equations (3.1)-(3.4) are equivalent to an initialue problem for a linear finite-dimensional oralip differential
equation for @;(t), B;(t) and J;(t). The existence and uniqueness is obvious.

Similarly to the proofs of lemma 1 and 4, for thgpeoximate solution(E| N ,¢, ), we can establish the following
estimations

sup[llE' @ ). +In' @),.+l ¢ O),.]<C (1.5)
O<t<T
sup[ Il Ef @ ).+ @)+l ¢l @) ]<C (16)
O<t<T

where the constantsC is independent of | . By a compactness argument, we can choose

subsequenck” (x,t),n"(x,t) ,@"(x,t) ,suchthatV — o
E’(x,t) - E(x,t) in L”(0,T;H*) weakly star,
E¥(X,t) > E(X,t) in strong topology of H*(Q, ),
E'(xt) - E(xt) in L"(0,T;L*) weakly star,
n’(xt) - n(x,t) in L*(0,T;H?) weakly star,
n’(xt) - n(x,t) in strong topology of H*(Q; ),
n'(x,t) - n(xt) in L°(0,T;L*) weakly star,
@' (x,t) - @(x,t) in L°(0,T;H?) weakly star,
@’ (x,t) > @(x,t) in strong topology of H*(Q; ),
P (x,t) > @, (xt) in L”(0,T;L?) weakly star,
nN"E’ - nE in L°(0,T;L*) weakly star,
[E" (x,t)F = |[Ext)f in L”(0,T;L*) weakly star,
whereQ; =[0,T]xQ,Q =[-D, D] . Hence takingl =1 — o from (3.1)-( 3.4), by using the density oD
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in LZ(Q) we get the existence of local generalized solufiorihe periodic initial Problem (1.4)-( 1.7). Slaaly

to the proof of [9], lettingD — oo, the existence of local solution for the initi@lve Problem (1.4)-(1.7) can be
obtain. By the continuation extension principl@nfrthe conditions of the theorem and a priori esté®s in Section
2, we can get the existence of global solutiorPiablem (1.4)-(1.7).

Next, we prove the uniqueness of solution.

Theorem 3 Suppose that the conditions of theoreme Zatisfied. Then the global generalized solubibtie initial
value Problem (1.4)-(1.7) is unique.

Proof Suppose that there are two solutidag n,,@,and E,,n,,@,. Let

E=E~E, n=n-n, $=¢4,-4,
From (1.4)-(1.7) we get

iE[+EXX—H2EXXXX—r‘5E1+n2E2=O, a.7)
n-¢,=0, (1.8)
g, -n+H’n —|E F+|E, f=0, (1.9)
El,=0, nl.,=0, ¢ L,= 0, xUj (1.10)
Taking the inner product of (3.7) anf , it follows that
(iE +Ey —H’E ~NE +N,E, E)=0. (1.11)
Since
Im(iE,, E) :EEII Ell%,, ImE,-H’E_, ,E)=0
o 2dt » oo ’

IM(nE, ~nE, E) <|(nE,~n £, E)
<C(I EJlI il +I gl EIEN,
<C(I niZ,Hl EIR)
where the first successive equality result frommisid.emma. Thus from (3.11) we obtain

SIEF, <C(l i+ EI%), @.12)

LZ
Taking the inner product of (3.9) affd it follows that

(#-n+H’n, - |E F+|E,f9)=0 (1.13)
Since

_1d 2
(8.9) =54 Al
|(=n, @) < C(l I, +ll gII%),

2 — 2 - 2 - Hz 2
(H'n,.8)=(Hn.g,)= (H ng)-zan_nng,
(-IEF+IE, f #}=| (E,-E, E.+E,E-E,)8)

<C(l EJIINEI I+ ELINEIDI @,

<C(l EIZ+I ¢I2),
where the first successive equality result frommisid.emma. Thus from (3.13) we get

1d
EE[H %, +H7l nllfz] < C(I ElIlZ+I nll %1 gll1%). (1.14)

Hence from (3.12) and (3.14) and we get
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d 2 2 2 2 2 2 2
LVEE + 21l +l g2 ]< ClIEIZ +H A2+ ¢l ],
By using Gronwall's inequality and noticing (3.10¥pllows that

E=0, n=0, ¢=0.

The theorem is proved.
Using lemma 6, 7 and the embedding theorems of IBelspaces, the result of theorem 1 is obvious.
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