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ABSTRACT

This paper is concerned with a high-resolution neathtical model for one-dimensional (1D) hydraulimp flows.
The 1D shallow water equations of Saint-Venant veeteed with the essentially non-oscillatory (EN®©heme, the
finite volume method (FVM) and the total variatidiminishing (TVD) Runge-Kutta-type method. This ehaehs
used to predict the hydraulic jump flows, and thenerical resolutions are in agreement with the eixpental
ones, which indicate that this model is fairly efifee and accurate for simulating hydraulic jumpviis.
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INTRODUCTION

Hydraulic jump is formed when the state of flow ebas from supercritical to subcritical one. Theraydic jump is
usually accompanied by an aerated recirculatintprran the top, where intensive turbulence resutgnergy
dissipation and the mixing of air also takes platke hydraulic jump is treated as a macroscopicsibady
phenomenon for engineering purposes, and tempaediyaged quantities are examined.

Mathematically, the hydraulic jump is commonly dised by the shallow water equations (also namedShint
Venant equations for the 1D case). One featureypéibolic equations of this type is the formatidrbores (i.e.,
the rapidly varying discontinuous flow). It is amportant basis for validating the numerical methdtether the
scheme can capture the hydraulic jump waves aatyrat not. This gives rise to an increasing inteia solving

such a problem. Several finite-difference scherhashandle discontinuities effectively were useddmpute open-
channel flows, such as the approximate Riemannesdli~4]. In recent years, more and more high-tggmh

schemes such as MacCormack, TVD and ENO schem&sdi® applied into numerical simulation of diséonbus

problem such as the shock wave. Although TVD scheare keep the total variation diminishing, it casisee

accuracy drop to one-order at the local extrematpfismooth area. To overcome this weakness, BB Sentially
no-oscillatory) scheme [7] is proposed, which afigdithe restriction of total variation diminishimnd also allows
a tiny increase of total variation, then the scheasnkept uniformly high resolution and essentiaily-oscillatory.

The character of ENO scheme is that it eliminates monotonicity limit, and can adaptively choose thest
interpolating point in the interpolating functioreconstructions.

Based on the above research results, the goaleoutrent work is to develop a mathematical modglable of
dealing with hydraulic discontinuities such as ptéents, hydraulic jump, etc. The water governaguations has
been solved by the ENO scheme.

GOVERNING EQUATIONS
The 1D equations of Saint Venant are as follos [7

o0U/ot +0F/ox+G =0 1)
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in which the variablesU,F, and Q are defined in matrix forms as followslU =(A,Q)T ;
G=(09As) : P=P(2)=[(z-mBlky : S, =n*QQYB™ /A% where t=time, xdistance,

Z
A=stream cross-section arégsdischargeG=gravity, P=hydrostatic pressure on the cross-secttanyater levelz,

is the lowest elevation of cross—secticﬁh(/]) is the width when the water level s, S; is variable friction slope,
n is the Manning coefficient, Figure 1 shows theidgbn sketch for general flows in channels.
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Fig. 1 Definition sketch for general flows in chanals

NUMERICAL SCHEME
The numerical schemes include the numerical digat&an of water equations, numerical flux spliginENO
schemes reconstruction and time discretizatior.[7,8

Numerical discretization of water equations:
The equation (1) can be discretized as [8]:

umt=u- /1(_;‘12 - Ififw)— AtG, )

where A =At/AX ; At =time step;AX =spatial step represents the time layef; represents the spatial

point; Ififj/z and Ififj/z are the numerical fluxes consistent with flof equation (1).

Numerical flux splitting:
The finite-difference method (FDM) was used to sdlve numerical flux, such Ifj/z :

_iE]/Z = %{F (U il'_i']/2)+ F(U iE]/Z)_|a|(U i'RHI/Z _UiI;J/Z )} (3

where @ is the Roe average value af= F /0U on U “andU % ,and is the Jacobian matrix far= 0F /0U .

Ui':r]/2 andU iE:l/Z are the values df) on the left or right hand of poiit ., respectively, which can be computed
by the stencil option of ENO .The Roe velocity ssfallows:

F(UEM)— F(UiL+12)

a=
R L
Ui+:l/2 _Ui+]/2

(4)

Similarly, lfifj/z can be computed with same method and the vaIulaqu_g); andU f]/z can also be obtained by the
stencil option of ENO schemes.

ENO schemes reconstruction:
ENO schemes adaptively choose the smoother stepabmparing the size of divided difference. Toiaea K -

order resolution schemdécell is needed when choosing the stencil. Totaé @k added 8K —1. Assume thek
stencil as follows:

Sr(i):{)ﬁ_r."',Xi—r+k—1}a r=0,--,k-1, o
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So k different reconstruction method to calculéﬂe;i]/z orU iFf]/Z can be achieved:
uo k-1
r —_
|+]/2 zCrJU| T+ 0 _O)”'lk_l (6)
i=0
WherelTi is the average value &f at pointx; ,which can be written as:
U|+]/2 —ZWUSJ)/Z ™

Let the coefficient of the decided stencil whosegnitude of divided difference is minimal, = 1, the othersw, =
0, then the stencil option is finished.

k-1
If w, =0and ZWr =1, then the equations was changed to WENO(Weighted)Exkemes.

r=0

Time discretization:
The Runge-Kutta TVD method was used to discretizesquation (1). The equation can be written as [9]

Y ) ®)

where L(U ) is approached by- F (U )X -G.
According to the Runge-Kutta TVD schemes,

u®=u"+atL{u")
u@=3yrstyo s ta o)
47 4 4

Lym2y@ ., 2p (@) (9ab.c)
37 3 3

U (n+1) _

RESULTS AND DISCUSSION

The test problem relates to a hydraulic jump inidevihorizontal rectangular channel of constant kwidt hydraulic

jump is formed whenever the flow changes from sugitical flow (Fr>1) to sub-critical flow (Fr<l)where Fr

represents the Froude number. The initial flow @dmks in the horizontal channel are a depth o#40n® and a
velocity of 2.65 m/s. These flow conditions give @pstream Froude number of 4.23. A Courant numbé&& a

roughness coefficient of 0.003, and a fine gridcapmaof 0.3 m were used. As supercritical flow laasupstream
control, the flow variables at the upstream nodeevkept equal to the initial conditions. At the dwtream end a
constant depth of 0.2 m was specified and heldtaoh$or all time levels.

Figure 2 is the transient depth profile. The coradutesults and the experimental ones are in a elgE®Ement.
Theoretically, a hydraulic jump will occur when tapstream Froude number,Fdepth h and downstream depth h

1
satisfy the Bélanger formuly, / h, == (y/8Fr? +1—1). This can be used to check the results by the mode
> 1

From the numerical results, the downstream watpthdie=0.23m. Substitution of the upstream Froude nuraber
depth (Ft=4.23, h=0.04m) into the Bélanger formula results in theatfetical downstream depth required for the

jump as h2 =0.22m. h is thus very close to the theoretical downstreapthdhz. The relative error is 10%.
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The close agreement between the computed reswtshanexperimental ones shows that the proposetoahes
comparatively accurate.
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Fig.2 Hydraulic jump steady state profiles for F=4.23(—computed,cexperimental)

Figure 3 shows the effect of grid spacing on sheckiction. Under the same conditions that=4.23, h= 0.04m
,the comparisons of the computed results with of 0.3m and 0.12m show that varying the grid spgand
Courant number did not alter the location of theckhfront, which says that grid spacing of 0.3m basverged to
steady state with enough accurate solution.
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Fig.3.Effect of grid spacing on shock reduction, £4.23 (—ax=0.3,Ax=0.12,0 experimental)
CONCLUSION

The high-resolution mathematical model has beereldped for 1D shallow water equations (Saint-Venant
equations) for the computation of hydraulic jumpafs. The 1D shallow water equations were solved thie ENO
scheme, the finite volume method (FVM) and TVD Renxkgutta-type method. Numerical simulation for the
hydraulic jump flows indicates that this model asrlfy effective and accurate for simulating hydragmp flows.
The high-resolution mathematical model can be @rrtmodified and extended to multi-dimensional hipoéic
conservation laws to effectively simulate 2D and Biidraulic jump flows. When utilizing the techniqué
boundary treatment such as a body-fitted coordiegstem, the proposed model can also effectivehulsite the
hydraulic jump flows with complex boundaries. Tlesults will be given in a future work.
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