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ABSTRACT

The concept of interval-valued fuzzy sets is theegdization of the concept of fuzzy sets. The rthad
interval-valued fuzzy sets is well suited to deplivith vagueness. Recently, interval-valued fuety lsave been
used to build soft decision making models that @atommodate imprecise information. However, it seémt
there is little investigation on multicriteria dsgdbn making using interval-valued fuzzy sets withtipie criteria
being explicitly taken into account. In this papewltiattribute decision making using interval-vatufuzzy sets is
investigated, in which multiple criteria are exjlig considered, several linear programming modeaise
constructed to generate optimal weights for attré@sy and the corresponding decision-making mettnade also
been proposed. Feasibility and effectiveness optbposed method are illustrated using a numeregample.
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INTRODUCTION

The theory of fuzzy sets proposed by Zadeh [1] dttmcted wide attentions in various fields, esplciwhere
conventional mathematical techniques are of limigftectiveness, including biological and social escies,
linguistic, psychology, economics, and more gemesalft sciences. In such fields, variables arédailift to quantify
and dependencies among variables are so ill-defimgdprecise characterization in terms of algebmdiiference or
differential equations becomes almost impossibleerEin fields where dependencies between variadoleswell
defined, it might be necessary or advantageoumfiiay fuzzy rather than crisp algorithms to arratea solution.

Out of several higher-order fuzzy sets,intervalsedl fuzzy sets introduced by Zadeh [2-3]and irdunittic fuzzy

sets introduced by Atanassov [4-5]have been fooroetwell suited to dealing with vagueness. Thecephof an

interval-valued fuzzy set can be viewed as anratére approach to define a fuzzy set in cases evheailable

information is not sufficient for the definition @n imprecise concept by means of a conventioredyfiset. In

general, the theory of interval-valued fuzzy sstshie generalization of fuzzy sets. Therefores iexpected that
interval-valued fuzzy sets could be used to sineulatman decision-making processes and any acsivigiguiring

human expertise and knowledge, which are inevitabfyrecise or not totally reliable[6-8].

In this paper, multiattribute decision making usintgrval-valued fuzzy sets is investigated, in athattributes are
explicitly considered, several corresponding lingagramming models are constructed to generatmaptveights

of attributes, and the corresponding decision-n@kirethods are also proposed. This paper is orghaizdollows.
The definitions and properties of interval-valuatdy sets are briefly introduced in Section 2. hatitibute
decision-making models with interval-valued fuzzglues are then proposed, and the correspondingrline
programming models and methods are establisheadétio® 3. A numerical example and a short conctusioe
given in Section 4 and 5, respectively.

DEFINITIONSAND PROPERTIES OF INTERVAL-VALUED FUZZY SETS
Definition1. (Zadeh [1]) LetX = {Xl, Xy K, >g} be a finite set for our considerations. By an wvééwvalued fuzzy
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setAin X , we mean: A={x,[ A( %), A( Y], xO X whereA", A": X - [0,1]. [A(X), A(X)]is
the interval of membership function of an elemeXt to the set A , while the condition
O0< A (%)< A(x)<1, xO X is fulfilled.

The difference 77,(x) = A"(%)— A(X) is called an interval-valued fuzzy index and thember

7TA()§) D[O,l] should be treated as a hesitancy margin connedgtbdhe evaluation degree of each elemefit

to a setA. It is one of the most important and original idistinguishing the interval-valued fuzzy sets tlysfoom
the fuzzy sets theory. The family of all intervallwed fuzzy sets iX is denoted byVFS( X) .

Distance between interval-valued fuzzy sets west firtroduced by Zadeh [2]. Here, we introduce amadized
Hamming distance, which will be employed in Section

Let AandB be two interval-valued fuzzy sets in the ¥et Namely,

A={x[ A(», A(Y], xO X . and B={x, [B( %, B(¥], xO X
The normalized Hamming distance betwéeandB is defined as follows

D(AB) == > (A ()~ B (0]+| A(0- B3| +|mx) - (X)) (2

Where p,(x) = A (%)- A(X)and pg(x) =B (%)- B (X).
Theorem 1. D defined by Eqg. (1) is a metric.

Proof.Evidently, D is symmetric and (A, A) = 0.

Conversely, if D(A, B) = 0, according to Eq. (1), we must have

A (X)= B(x), A"(%)= B (x)andp,(X) = pg(X) forallx O X.
Hence, it follows thafA = B according to Definition 1. Thud is positive definite.

For any interval-valued fuzzy sefg BandC, whereC ={x, [C( %), C( ¥], xO X. Using Eq. (1), we
have

D(AB) = (A (%) B ()] | A~ B3| +|mx) - 00)

<o (A ()= C OO+ AR = COR|+mx) -0

+ L3 (C ()~ B (0] +|C (0= BO3| 1m0 - (0)

= D(A,C) + D(C, B)
ie., D(AB)< D(AC)+ D(C B.

SoD is triangular. Hence, we have completed the prédheorem 1.
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If AandB are conventional fuzzy sets, i.eA={X,[ A X, A Q], xO XandB={x,

[B(%), B x)], xO %, D(A, B) defined by Eq. (1) becom&( A, B) =% Zn:|A()§) - B )|()|

If AandB are crisp sets, i.e. A={X[ A%, AJ], XJ XandB={x, [BX), B X)], XU X, where

1 if xOX
0 otherwise

1 if x OX
0 otherwisea

A(%) ={ ndB(X) :{

D(A, B)is the cardinality of the symmetric differenceAandB , i.e., the set-theoretic difference between their
union and intersection.

MODELS AND METHODS FOR MULTIATTRIBUTE DECISION MAKING USING
INTERBAL-VALUED FUZZY VALUES
Presentation of multiattribute decision-making problems under interval-valued fuzzy environment

Suppose there exists an alternative ¥eF {X, X, K, X} which consists oM X 1 X non-inferior
decision-making alternatives from which a most @nefd alternative is to be selected. Each altar@asi assessed
onMattributes. Denote the set of all attribus {8, &, K, g} . Assume tha{tA’j , A,f] is the interval

membership degree of the alternaﬁq/ei X with respect to the attribu&3 T Ato the fuzzy concept “excellence”,
respectively, wher® < Aj_ < A,f < 1. In other words, the evaluation of the alternati)gei X with respect to
the attribut@j T Ais an interval-valued fuzzy set. The interval-vailliladicesﬂij = A] T - AU\_ are such that the
Iargerl‘[ij the higher a hesitation margin of the decision enads to the “excellence” of the alternative T X

with respect to the attribua% T A. Interval-valued indices allow us to calculate Hest final result (and the worst

one) we can expect in a process leading to a fipémal decision. During the process the decisiaken can
change his evaluations in the following way. He daorease his evaluation by adding the value of the
interval-valued index.

Similarly, assume thé['j ,r JJ'] is the interval membership degree of the attriﬁljltie Ato the fuzzy concept
“importance”, respectively, wheff 1 £ I‘;r £ 1. The interval-valued indices are such that thgeieh, the

higher a hesitation margin of decision maker ahéo‘importance” of the attribuﬁj 1 A. Interval-valued indices

allow us to calculate the biggest weight (and thallest one) we can expect in a process leadiagfittal decision.
During the process the decision maker can chargjevailuating weights in the following way. He canrease his
evaluating weights by adding the value of the wdkwalued index. In addition, in this paper assuthat

m m
é r, £ landé ri® lin order to find Weightsro [0,1] (j=12L m) satisfyingr; £r, £r/
j=1 j=1
Om _
and g r; =1
j=1

Optimization model of multiattribute decision making under interval-valued fuzzy environment
For each alternativk | X, its optimal comprehensive value can be computacdthe following programming

max{z = é. bijrj
j=1
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N

[A; Eb €A (i=12L p;j=12 m;

S_,{_:r'j£rj£rj+ (j=12L m) @

foreachi=1, 2,...n.
To solve Eq. (2), we can solve the following twoelar programmings
m
. _ o} _
min{z = & Ar}
ji=1
N + .

tr]Er

tf &, 3

S:: ér; 1 ©
=1

foreachi=1, 2,...n.

andmax{z’ = § Ar;}
=1
%r]ErjErj* (i=12L m)
o 4
s ! é, (=1 (4)
j=1

foreach =1, 2,...n.

Solving Egs. (3) and (4) by Simplex method, we cétain their optimal solutiong ' = (r‘l, I"z,...r im )and

r'= (ril, riz,...r im) respectively. In total, 2n linear programmings cheé® be solved since there are n

alternatives in the sef .

After generating the corresponding optimal weightters, the optimal comprehensive value of altéraag I X

can be computed as an intefy&l, Z'], where

zZ=a A.}r; (5) and Z =g Alffj' (6)

j=1 j=1

foreachi =1, 2,...n. That is, the optimal comprehensive value of ther@ativeX; T Xis an interval-valued

fuzzyseth = {x[Q Ar. & Art. @
j=1 =1

owever, optimal solutions of Eqgs. (3) and (4) aiferknt in general, i.e., the weight vectol‘si1 1 r‘j for all

alternatives for all= 1,21 nandj=1,2L m. Therefore, the comprehensive values oMalhlternatives

X T X cannot be compared.
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SinceX is a non-inferior alternative set, there existsewmaent preference on some alternatives. Hencegdoh
alternativeX I X, its objective functiorz, in Eq. (3) should be assigned an equal wélght. Eq. (3) is then
aggregated into the following linear programming:

n
o]

min{z, = (& & Ar)/ 1

i=1 j=1
1§r]£rj£rj+ (j=1L2L m)
s.t (8)

In a similar way, Eq. (4) is aggregated into thkofeing linear programming

min{z; = (& & AT/

s.t.]:
#

Solvmg Egs. (8) and (9) by Slmplex method we chtain their optimal solutions

£r (j=1,2L m)

Er
g ©)
ar

= (s )andr = (r O ..J ) respectively.

After generating the corresponding optimal weightters, the optimal comprehensive value of therradtive

X T Xcanbe computed as an interﬁ%i, %)] where
% _ o . ) ib g =0
P=a A,} I (10) and 2’ = Q A} (11)
j=1 j=1

foreachi =1, 2,...n. That is, the optimal comprehensive value of ther@ativeX; T Xis an interval-valued
fuzzy set given by

--{x[a Ar), é’\m NI (12)

j=1

In generating the above-interval-valued fuzzy sdy dwo linear programmings (i.e. Egs. (8) and (8¢ed to be

solved. However, the optimal solutions of Eqgs. &)d (9) are normally different, sdt rCin general, or

I’?l rjo for all j=1,2L m. Therefore, it is possible th%? 3 Oﬁa. If this is the case, it follows that the

interval-valued index is negative.

However, this is not permitted by Definition 1. Mdbat Eq. (8) is equivalent to the following lingogramming

maxiz, = - (& & Ar,)/ 1

i=1 j=1
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lrJ Er £r] (j=12L m)
s.t in (23)

o

j=1

Since Egs. (9) and (13) have the same constrainéy, can be combined to formulate the followingeén
programming

max{z = (én ém (A - Ax)ing

i=1 j=1

1§r]£rj£rj+ (j=12L m)

& 14

1 ar =1 e
=1

Normally, Egs. (9) and (13) are not equivalent tp E4). However, Some of solutions of Egs. (9) éI®) can be
generated by solving Eqg. (14). Eq. (14) can beitemras follows

max{z= (& ap;r;)/ 1t

i=1 j=1

Tr; Er £r] (j=12L m)
s.t (15)

The optimal solutiof 0= (rlo,r S,L iy r;’)T can be obtained solving Eq. (14) or Eq. (15) by@éx method.

Then, the optimal comprehensive value of the amm)ﬁi Xcan be computed as an intenfa” , 7],
where

ZiO— — é 'Aiirio (16) and ZiO+ = é Ai;rio a7

j=1 j=1

for eaci = 1, 2,...n. That is, the optimal comprehensive value of therlaative)gi Xis an interval-valued
fuzzy set given by A’ = {x,[ 2, Z'T} (18)

M ultiattribute decision-making method under an interval-valued fuzzy environment
Using the above Eq. (14) or Eg. (15)) optimal comprehensive values éf) all alternatives)§| X
(i=1, 2,...n) can be obtained. Now, we areinterested in howa best compromise alternative or the final

ranking order of the alternative s€tcan be generated.
In a similar way to the TOPSIS method proposed sy and Yoon [11], we define the following index £ach

D(A", B) (19)
D(A’,B)+ D(A, G)

alternativeX I X, x =

whereA = {x,[ Z, 7'} ={ X a Ar,’ a AT} given by Eq. (18) is an interval-valued fuzzy set
j=1

j=1
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corresponding to the optimalcomprehensive value thod alternative)ﬁi X. G= {g, [1, 1} is an

interval-valued fuzzy set corresponding to the eatibn of the ideal alternatig. B = {b, [0, 0} is an

interval-valued fuzzy set corresponding tothe eatiun of the negative ideal alternatlye Obviously, normally
gl Xandbl X.D(A’ B)is a distance measure between the interval-valuezyfsetsA’ andB . D(A’, G)

is a distance measure between the interval-valuedyf sets AO andG. There are several distance formulae
between interval-valued fuzzy sets [3]. Inthis pape choose the distance formula given by Eqir{1Jection 2.
Obviously, for each alternativé | X, we havdd£ X £ 1.

Furthermore,X = Oif A’=B (orX is the negative ideal alternatidd; X = 1if A’=G (orX is the ideal
alternativeg ). It is easy to see that the highethe better the alternativé.

According to Eq. (1), D(A’,B) and D(A’,G) are reduced into the following formulae

2 2 e - 2y g
2

D(A°, B)=

RALE STCES SR
andD(A’,G)=1- 7 21§
. . _ z

Hence, Eq. (23) can be simply written as follows= P (22)

AN NUMERICAL EXAMPLE
Consider an air-condition system selection probl€mppose there exist three air-condition syst§m,andX;.

Denote the alternative set B = {Xl, X x} . Suppose three attributed, (economical), &, (function) and &,
(being operative) are taken into consideration he selection problem. Denote the set of all attébuby
T={a, a, & . Using statistical methods, the interval memberstigreeEA; , A’ ] for the alternative T X

with respect to the attribua% T Atothe fuzzy concept “excellence” can be obtaimedpectively. Namely,

X % x O
_ a0.75, 0.90] [0.80, 0.85] [0.40, 0.55]

(A A1), a,§0.60, 0.75] [0.68, 0.80] [0.75, 0.95]
a,§0.80, 0.80] [0.45, 0.50] [0.60, 0.7%]

In a similar way, the interval membership deg[égsr ]+] for the three attributaj 1 Ato the fuzzy concept
“importance” can be obtained, respectively. Namely,

a a q
(ri.ri1),,=([0.25,0.75] [0.35,0.60] [0.30,0.35],

According to Eqg. (14) or Eqg. (15), the followingéiar programming can be obtained

0.35,+ 0.47,+ 0.15

3 el

max{z =
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}0.35£ r, £ 0.6(
}0.30£ r £ 0.3¢
¥r1+ r,+r,=1

;‘lgo.25£ r, £ 0.7
S.t.

Solving the above linear programming, its optin@uson can be obtained as follows
r°=(0.25, 0.40, 0.38),

Using Egs. (16) and (17), the optimal comprehensalae of the alternativg I Xcan be computed as follows:
Zlo' = 0.7075, 22 = 0.6295,2 = 0.61l(and

2 = 0.8050,Z = 0.7075Z = 0.76:

Thus, the optimal comprehensive value of the adtievaX; T Xcan be expressed as an interval-valued fuzzy set

A’ = {x, [0.7075, 0.8050] ], A’ = {x, [0.6295, 0.7075]], and A= {x, [0.6100, 0.7625]],

respectively.

For alternative, X, andX, , the following index for each alternative can lemerated using Eq. (22):

0-
%= — 2 = 08050  _ 733
1+ 2 - 2 1+ 0.8050 0.7075
0-
X,= —22 = 07075 _ 656z
1+ 2 - Z 1+ 0.7075 0.6295
O_
andx,= — 3 = 0.7625  _ 4 g61¢

1+ 2~ 2 1+ 07625 0.6100

Then, the best alternativeXs. The optimal ranking order of the alternativegiieen byX, f % f X, .

CONCLUSION

In the above analysis, we have proposed seveedriprogramming models and methods for multiattelzecision
making under “interval-valued fuzziness”. In su@tidion situations, attributes are explicitly calesed and are not

compound, which differ from of the ways used by &#trand Kaeprzyk [9-11],Shyi-Ming Chen, Li-Wei L§E?] ,

Deng-Feng Li,Shu-Ping Wan[13]. Moreover, the evaduns of each alternative with respect to eachbatte on a
fuzzy concept “excellence” are given using intewvalued fuzzy sets, and the weights of each atgilaue also
given using interval-valued fuzzy sets. This allouss to use flexible ways to simulate real decissitnations,
thereby building more realistic scenarios descgbipossible future events. In conclusion, multibtite
decision-making models using interval-valued fuzsts can represent a wide spectrum of possibjlitidgch
enables the explicit consideration of the bestthrdvorst results one can expect.
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