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ABSTRACT

In this paper, the concepts ofaH-sets and kH-closed spaces are proposed inwkpaces by means of
(aa) —remote neighborhood family. The characterizatiofid.cH-sets and kH-closed spaces are systematically
discussed. Some important properties aHkclosed spaces, such as theH-closed spaces issregular closed
hereditary, arbitrarily multiplicative and preseng invariance under almosta{, @)-continuous mappings are
proved.

Key words: (aw)—-remote neighborhood familg-net, w &cluster pointsw-Hausdorff spaced, aH-closed spaces,
L aH-set, almost 4y, w)-continuous mapping.

INTRODUCTION

As we all know,H-closedness is one of the most important notiongeineral topology. In 1968, N. V. Velicko
generalized theH-closedness and introduced the conceptHedets in topological spaces [9]. In 1992, Chen
introduced the concept df-fuzzy H-sets inL-fuzzy topological spaces and established the thebrl-fuzzy
H-closedness[1]. In this paper, the conceptsadfl-sets and. «H-closed spaces will be proposed.iwspaces|2,3].
The theory ofLaH-closedness, which is generalization of the thewfry-fuzzy H-closedness, will be set up in
Lawspaces.

2. PRELIMINARIES

Throughout this papel, denotes a fuzzy lattice, Let and Y be nonempty crisp sets, ahdl denotes the set
consisting of all nonzertirreducible elements df. 0 and 1 denote the least and greatest elemehtsespectively.
Let L* be the set of allL-fuzzy sets (brieflyL-sets) onX and M{L*) the set of all nonzergrirreducible elements
(i.e., so-called molecules[10] or points for shaftl.*. The least and the greatest elements*ofill be denoted by
Ox and X respectively. For angOM, A(a) is called the greatest minimal setaj], and f{a)=A(a)nM is said to

be the standard minimal set gffL0].

Definition 2.1.[2] Let X be a nonempty crisp set.

(i) An operatorw: L*— L*is said to be am-operator if (1) for allA, BOL® andA B, w(A) w(B); (2) for all AOL",
A o(A).

(i) An L-setAOL" is called anw-set if w(A)=A.

(iii) Put Q={AOL* | A=w(A)}, and call the pairl(*, Q) anLw-space.

Definition 2.2[2] Let (L*, Q) be anLw-space AOL* andx,OMYLY). If there exists @Q0Q such that, Q and
P Q, then call P an w-remote neighborhood (brieflywR-neighborhood) ofx,. The collection of all
wR-neighborhood ok, is denoted by (x,). If A P for eachPOw#(x,), thenx, is said to be am-adherence point of
A, and the union of alb-adherence points & is called thew-closure ofA and denoted bwcl(A). If A=wcl(A),
then callA anw-closed set, and call’is anw-open set. IfP is anw-closed set and, P, thenP is said to be an
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w-closed remote neighborhood (brieftyCR-neighborhood) ok,, and the collection of atbCR-neighborhoods of
X, is denoted byws;(x,). Note oC(L*) and wO(L*) be the family of allo-closed sets and ab-open sets in*
respectively.

Definition 2.3.[8] Let (L*, Q) be anLaspaceN be a molecular net in* andx,JIMYL¥). If N is eventually not in
wint(P) for eachPOwn (X,), thenx, is said to be am &limit point of N or N w &converges to,. If N is frequently
not in wint(P) for eachPOw#; (x,), thenx, is said to be aw &cluster point ofN or N w 8accumulates te,. The
union of allew &limit points (w &cluster points) oN is written byw &limN (w &-adN).

Definition 2.4[8] Let N be aa-net in A(aM), A0S a), if N is frequently not inwint(P) for eachPOwzy (xy),
thenx; is said to be aw &-cluster point oN with hightA.

Definition 2.5.[4]  Suppose thal(, Q) be an_ wspaceADL*, a0lM and @wC(L").

(1) If there exists aPO@ such thatPOwn (x,) for each molecule, in A, then @ is called anawremote
neighborhood family (brieflyocwRF) of A, in symbold@<A(ad). If there exists a nonzerdirreducible element
A0A(a) with D@<A(Aa), then@is said to be ane) -RF, in symbold®<A(aaw).

(2) If there exists &0 @ such thatx, wint(P) for each molecule, in A, then @ is called an almostrawwremote
neighborhood family (briefly, almostcRF) of A, in symbol (0®)<A(aq). If there exists a nonzefdirreducible
elementA0A{(a) with (0®)<A(Aa), then@is said to be an almostré) -RF, in symbol (1®)"<A(ad).

Definition 2.6. [4, 5] Assumel(*, Q) be an_wspace Al L, yOM and /TwO(L%).

(1) If there is @B/ such thaB(x) yfor eachxOr, (A)={xUX | A(X) )}, then /" is known as gwwcover. If there
exists a prime elemetifla{(}) such that"is atwcover ofA, then/is said to be ay)*-cover ofA, wherea () is
the standard maximal set pf

(2) If there is aBUO/ such thatwcl(B)(X) y for eachxO7, (A)={x0OX | A(X) ¥}, then /" is known as an almost
yewcover. If there exists a prime elemefta{)) such that/"is an almostwcover ofA, then/ is said to be an
almost () -cover ofA, wherea{()) is the standard maximal set jof

Definition2.7. [3, 5] Assume I(*, ) be anLw;-space €1, 2) andf : (L*, Q) - (LY, Q,) anL-valued Zadeh's type
function.
(1) If f ~(B)ew,O(L") for eachBw,O(LY), then callf (w;, w,)-continuous.

(2) If £ (waCl(w,int(B))) D C(L) for eachBOLY, then callf almost ¢v4,w,)-continuous.

3.LaH-SET AND ITSCHARACTERISTICS

In this section, we will introduce the conceptd.afH-sets by making use @fwremote neighborhood family and
yercover in anLawspace first, give the equivalent characterizatiohfwH-set by means o#r-net, a-filter and
a-ideal next, and then discuss the characterisfitsobi-set.

Definition 3.1. Assume (¥, Q) be anwHausdorff space[6] andL*. If every (@@ -RF @ of A has a finite
subfamily ¥ such that¥is an almostd«) -RF, wherealM, then callA anLwH-set.

Theorem 3.1. Let (L%, Q) be anwHausdorff space andJL*. ThenA is anLwH-set if and only if for eachyIM,
every (/) -cover/” of A has a finite subfamily such thaj is an almost j)*-cover ofA.

Proof. NecessitySuppose thah is anLwH-set and/~ is any () *-cover ofA (yOM). Put@=/"={B | B/} and

a=y. Then allM and @ is an @« -RF of A. In reality, ®@JaC(L*) because of aO(L*). Since/ is any
(ye)*-cover ofA, i.e. there exists{aq{)) such that for eacklz. (A) we can take amrclosed seP=BT@® with

B(x) t, equivalentlyt’ B’(X)=P(X). LetA=t’, sincetOa{}), we havelOM, thenPO w7 (x,).This implies thawis a
(aw)~-RF of A. Thus @ has a finite subfamily’ which is an almostdc) -RF of A, that is, there existssI8{)’)

such that for eack7,(A) we can take aRO % with s aint(P(x)). In other words, there astld{()) andB=P T ¥
"= with axl(B(xX))=arl(P (X))=(ant(P(x))) " s for eachxd7, (A). This means that is a finite subfamily of” and an
almost () *-cover ofA.

SufficiencyAssume that every)*-cover ofA has a finite subfamily which is an almogt)’-cover ofA (yOM).

If @is a @w)-RF of A (aIM), then/ =@={P’| PO®} is a (y)*-cover ofA wherey=a’, yOM. Hence/ has a
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finite subfamily which is an almosty)*-cover ofA by the hypothesis, that is, there exist§la{)) such that for
eachxUr, (A) we can takeP=BUy" =% with «rl(B(x)) t. In other words, there arel4{(y) and POY with
ant(P)Uawy (x) for eachxOr, (A). This means tha# is a finite subfamily of@ and an almostda) -RF of A.
ThereforeA is anLwH-set.

Definition 3.2. Assume ¥, Q) be anLwspace,@JaC(L*) and allM. @ is said to hasda)finite intersection
property forA, if Do (AD(OW°))(X) afor each¢12(”), where° ={wint(P) | PO ¥}.

Theorem 3.2. Let (L*, Q) be anwHausdorff space[6ind AL*. ThenA is anLwH-set if and only if foreachallM
and eachl «C(L*) having @) ™inite intersection property fok, there exists a molecule A with x, 0@ .

Proof. NecessityGrant thatA is anLwoH-set, @0« C(L*) and @ has @) ™finite intersection property foA (alIM).
If A0B{a), x, 0@ for eachx, A, then @ is an @) -RF of A by the hypothesis oft. Hence @ has a finite
subfamily % which is an almostdc) -RF of A, i.e, there is a0{a) satisfyingx, 0% for eachx, A, in other
words, Dox(A(OW)(X) A. It contradicts the fact tha® has @«)inite intersection property foA. Hence the
necessity is proved.

Sufficiency Assume that the condition holds and thais an @a) -RF of A. If for any finite subfamily¥ of @, ¥
is not an almostd«) -RF of A, then for eachAD,Gj(a') there exists a moleculey A with x; O, i.e, Oox
(A(OY)(X) A. This shows tha® has @a)inite intersection property foh. By the assumption we havélf{a),
X, A satisfyingx, O%. It contradicts that?is an @« -RF of A. Therefore® has a finite subfamily’ which is an
almost @) -RF of A, and hencd is anLwH-set.

Theorem 3.3. Let (L*, Q) be anawHausdorff space andL*. ThenA is anLwH-set if and only if for eactwIM
and A0S a), everya-netN in A has anw @-cluster point inA with hightA.

Proof. Necessity Suppose thah is anLoH-set and thaN ={N(n) | nOD} is an a-net inA. If for eachA08{a), N
has not anyw &cluster point inA with hight A, then there exists B[X]Oaw77(x,) such thatN is eventually in
wint(P[x]) for eachx, A, that is, there is B(x)0ID with N(n) wint(P[x]) whenevem n(x). Write @={P[X] | x; A}
Obviously, @ is an @& -RF of A, so @ has a finite subfamily¥ ={P[x] | i=1, 2, ... , m } which is an almost
(aw)-RF of A, i.e., there is an{1, 2, ... , m} with y; ant(P[x]) for sometdS{a), and eachy, A. Take
P=0%P[x]. Theny, aint(P) for eachy, A . SinceD is a directed set, there isigdD, such than, n(x) and

N(n) aint(P[x]) (i=1, 2, ... ,m) whenevem ny and soN(n) «int(P). This shows that for eagh A, V(N(n)) t as
long asn ny. It contradicts the fact thétis ana-net. Thereforé\ has at least an&cluster point inA with hight A.

Sufficiency Assume that everg-net inA has at least am @-cluster point with high# for eachalM and A0S a),
@is an @) -RFof A and 2? is the set of all finite subfamily op. If for eachA0B{a) and each#12'?, ¥is not
an almost ¢« -RF of A, i.e., there exists a molecud(), ¥) A satisfyingN(A, ¥) O for eachAOB{(a). In
L(a)x2?, we define the relation as followsA,( #4) (4, #) if and only if A, A, ¥ %, thenf{(a)x2? is a
directed set with the relation ™. Let N={N(/, ¥ | (A, YOB{a)x2'?}. One can easily see thhitis ana-net inA.
We assert thalil has not any»@cluster point inA with hight a. In fact, for someld8{a) and each, A, we can
choose am-closed seQ0® with QU ary(x,), specially,aint(Q)dary(x,) by the definition of®. Taking A;04{(a)
and #0219, we haveQU ¢ according to 4, ¥) (A1, {Q}), and henceN(A, ¥) «nt(Q). This implies thatN is
eventually inant(Q), and thusx, is not anw &cluster point ofN. It is in contradiction with the hypothesis of
sufficiency. Consequently is anLwoH-set.

Theorem 3.4. Let (L*, Q) be anLaspace AL, andN be ana-net inA(alIM). ThenNO 4 X,if and only if there is
an a-subnefT of N with T 4 X,.

Proof. NecessitySuppose thati={N(n) | n(D} is an a-net inA, andNO,s X, ThenN is eventually inwint(P) for
eachPOwn (X,), that is, for eachyID there exists anID with n ngsatisfyingN(n) ant(P). LetE={(n, P) | nOD,
POw#n ( Xg), N(n) aint(P)}. For each (4, P,), (N, P,)UE, we define the relation as follows(P;) (n,, P,) if and
only if n; n,, P; P,, thenE is a directed set with the relation™ Assume thaip E—D with ¢(n, P)=n. Let T(n,
P)=N(¢n, P))=N(n) for each , P)TE, thenT is ana-subnet ofN. Now we just need to prove that. .4 X, In fact,
for each POw#n (X,), taking 6o, P)UE, when €, Q) (no, P), we haveT(n, Q) «int(P) according toT(n,
Q)=N(n) aint(Q) andQ P. This implies thall - .5 X,.
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Theorem 35. Let (L*, Q) be anwHausdorff space anddL*. ThenAis anLwH-set if and only if for eaclaTIM ,
A0 a) and eachr-net inA(alIM), everya-subnefT of N has ano @cluster point inA with hightA.

Proof. By Theorem 3.3 and Theorem 3.4, it is proved.

Definition 3.3. Let (L*, Q) be anawHausdorff spacegIM andA0B{(a), A be ana-filter in L* andx, OM{L%). If
F ant(P) and for eactPdawry (x,) and eachrA, thenx, is called anw &cluster point ofA with hightA.

Theorem 3.6. Let (L*, Q) be anawHausdorff space andL*. ThenA is anLwH-set if and only if for eactwIM
and A0S a), everya-filter containingA has anw @-cluster point inA with hight .

Proof. NecessityGrant thatA is anLoH-set and thaf is ana-filter containingA. ThenFOADA for eachFOA and
Oox (FOA)(X) @, and thus there exists a molecM@, A) FCA with hight A for eachA05{(a). DefineN(A)={ N(F,
A) FOA | (F, ))OAxS{(a)} and define a relation inxS{a) as follows:

(F1, A1) (Fy, Ay if and only ifF; FoandA; A,.

Evidently, Ax31{a) is a directed set with the relation"; and therN(A) is ana-net inA. BecauseA is anLwH-set,
soN(A) has anw &cluster point inA with hight A, sayx,. We assert that, is also arw &cluster point ofA. In reality,
N(A) is frequently not iruint(P) for eachA05{a) andPOar(x,), i.e, for eachFA there exists &,0A with F; F
and some 51 a) satisfyingN(Fy, r) aint(P). Hence we havE P by virtue of the fact thai(F,, r) FOA F;, F.
This means that, is anw &cluster point ofA. Therefore the necessity is proved.

Sufficiency Suppose that evemg-filter containingA has anw-cluster point inA with hight A for eachalM and
A0B{a). Grant thatN={N(n) | n(D} is an a-net inA. Let F,=V{N(n) | n m}, A(N) ={FOL* | there is &, such
thatF F.} for eachmD. By virtue of the fact thall is a-net, we haveV,ox Fin(X)=Viox { VIN(N) | n mi}(x) A
for eachA0B{a) andmOD. Then V,oxFr(X) @ according to the arbitrariness 4fin f{a). By the definition of
A(N), there existd=,, F for eachFOA, so Viox Fn(X) a. This implies thatA(N) is an a-filter containingA, and
henceA(N) has anw &-cluster point inA with hight A for eachAC4{a) by the supposition, sax;. Then we have
F ant(P) for eachPOwp (x;) andFOA(N), specially,F,, aint(P) for eachF(mCD). By the definition off, we
haveN(n) ant(P) for somen m. This implies thal is frequently not inunt(P), in other wordsy, is anw &-cluster
point of N in A with hightA. In accordance with Theorem 38ijs anLwH-set.

Definition 3.4. Assume %, Q) be anLwspace] be ana-ideal inL* (aOM), ADS(a), x,OMALY). If BVaint(P)£1x
for eachPOary (x;) andBLlI, thenl is called amw &cluster point of with hightA.

Theorem 3.7. Let (L*, Q) be anwHausdorff space andL*. ThenA is LoH-set if and only if every-ideal which
does not contaiA has arw @-cluster point inA with hightA for eachaM andA05(a).

Proof. NecessityAssume thaA is anLwH-set,| is ana-ideal which does not contakandN(1)={N(1)((b, B))=b A

| (b, B)OD(1)} where D(1)={(b, B) | bOMAL"), BOI andb B}. Then N(l) is ana-net in A. HenceN(l) has an
w @-cluster point inA with hightA by Theorem 3.3, sax;. Now we will prove thak, is also anw &cluster point of.

In reality, X, is anw&cluster point ofN(1) in A with hight A for eachA0S{(a), then for eachbp, Bo)ID(l) there
exists a f, B)OID(1) with (b, B) (bo, Bo) satisfyingN(I)((b, B))=b ant(P). Hence we havB’ aint(P) by virtue of
the fact thab B, equivalentlyBVaint(P)#1x. Sox, is also anw &-cluster point of. Consequently, the necessity is
proved.

Sufficiency.Grant that everyr-ideal which does not contai has anw &cluster point inA with hight A for each
A0B{(a) (aOM) andA is ana-filter containingA. Let|={F TL* | FOA} . Evidently, | is ana-ideal which does not
containA. Now we will prove that\ has arwé@-cluster point inA with hight A for eachA0S1{a). Actually, by the
hypothesis we know thdthas anwé@-cluster point inA with hight A for eachAOS1{a), sayx,, i.e.,F’ VP #ly,
equivalently, F P, for eachFOA and eachPOawrp (x;). Thereforex, is an wé&cluster point ofA in line with
Definition 3.3, and henc& is anLwH-set by Theorem 3.6. This implies that the sufficigholds.

4. SOME IMPORTANT PROPERTIESOF LaH-SETS
In this section, we will further deliberate the petties ofl aH-sets in arL cwspace.
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Definition 4.1. Assume (¥, Q) be anwHausdorff space. If the largelsib-set % is LoH-set, then calll(*, Q) an
LwH-closed space.

Theorem 4.1. Let (L*, Q) be anwHausdorff space an#l, BOL*. If Ais anLoH-set andB is anw-regularclosed set
thenAB is anLwH-set

Proof. Assume tha@ is an @) -RF of ACB (aClM) . Let @ "=@ O{B}, we asset tha® "is an @a) -RF of A.
Actually, for someA0{(a) and for each, A, if x, B, then we have,, ACB. Sincel@<(AB)(/), there exists a
PO@O with POy (x). If x, B, then we havary(x;) andBO. SinceA is anLoH-set, there exisf]f{a) and
wT2(%) such thatw"is an almostawRF of A. Lety= @ (B}, then w02 andxUA if x, ACB. By the property
of w" there exist®®0 %" such thatwint(P)Owy (x). Butx, B, soPzB, i.e. PO¥, then we have[(¥)"<(AB)(t).
This implies that¥is an almostqa) -RF of @, and hencé&[B is anLwH-set.

This theorem shows thatoH-set is hereditary with respectderegular closed sets.

Theorem 4.2. Let (L, Q,) be anLwH-closed spageand (", Q,) be a3-Hausdorff space. If: L*~L" is a fully,
strata-preserving and inverted strata-preservimgosi (@, w)-continuous fuzzy mappinghen (", Q,) is an
L «pH-closed space.

Proof. Assume thatN={N(n) | n(0D} is an a-net inLY(aOM). By the inverted strata-preservingfothere exists a
rOM such thatf~(N)={f~(N(n) | nOD} is an r-net in L*. Since L* is an LayH-closed spacef~(N) has an
w,Bcluster point inL* with hightt for eacht0d4r), sayx. By the strata-preserving 6f there exists dJM such
that f(x)=y,OMYL"). Now we will prove thay,is anw,@-cluster point oN. In reality,f  (w.Cl(w,int(B))) D (%)
for eachBO w7 (y,). Then there existsr@D such thaff “(N(n))  wqint(f = (w2Cl(w,int(B))). Since

£ (@ANt(B)) waint(f~ (waint(wsCl(@sint(B)))) waint(f ~ (wsCl(waint(B)))),

we havef “(N(n) f~(w.int(B)), i.e.N(n) w.int(B). This implies thay, is anw,&-cluster point oN, and hencel(’,
Q,) is anL ayH-closed space.

This theorem means that thexH-closed space is topological variant under thetasfpaeserving and inverted
strata-preserving almosty, a»)-continuous mappings.

Theorem 4.3. Let (L¥, Q,) and (", Q,) be anLw-space and aha-space respectivelandf : L*~ L" bean (w,
w)-continuous_-valued Zadeh's type function.Afis anLw-compact set inl(", ©,), thenf~(A) is an La-compact
setin (", Q).

Proof. Since L-valued Zadeh's type function is also strata-pxésgr and inverted strata-preserving
order-homomorphism, the theorem is hold in linenwiiheorem 4.2.

This theorem means that thedH-closedness is topological variant under almaat (w)-continuousL-valued
Zadeh's type functions.

Theorem 4.4. Let (L*, Q) be the product space of a collection afrkpaces|( LX‘, Q) | tOr}. If for each 7,
(L%, Q) is anLyH-closed space, thefh*, Q) is anLwH-closed space
Proof. Assume thatN is an a-net in A. Since projection mapping :L*— LX‘ (t07) is a w -continuous

order-homomorphisnp(N) is ana-net in (LX‘, Q). By the hypothesis, we know thati( Q) is anL«H- closed
space for eachil/, so there is am @cluster point ofg(N) in % with hight A, for eachA08{a), say X, - Let

X, = (%) )er o thenx; is anw&-cluster point ol in L*with hight A for eachAOS(a). This implies thatl(*, Q) is

anL aH-closed space .

This theorem means that theH-closedness is arbitrarily multiplicative.
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