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ABSTRACT
The notion of BCK-algebras was formulated first in 1966 by K. Iséki Japanese Mathematician. A BCK-algebra is an
important class of logical algebras and was extensively investigated by several researchers. Here we well give the

definition of Hilbert Algebras in commutative BCK-algebras and ideal.
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INTRODUCTION

HILBERT ALGEBRAS IN COMMUTATIVE BCK-ALGEBRAS

Definitionl.1 A Hilbert Algebras (Z7>=>1)

yx,yeH

an

in BCK-algebras is called commutative if and only if for

, it satisfies the following [1]:

(yox)ox=(x>y)>y

Theorem1.2 For any Hilbert Algebras (H,—.1) in BCK-algebras, the following conditions are equivalent [2]:

(1) H is commutative,
() ox)>x<(x->y)->y.

(3) (x>y)>y)=>((y—>x)>x)=1

(H,—,1)

Theorem1.3 For any Hilbert Algebras in BCK-algebras, the following conditions are equivalent:

(D Ifxgzandy_ﬂgx_)z xSy’

, then
2 Ifx’ygzandy_)ZSx_)Z, thenxéy ,
(3) 11X SV, then X=X W)Y,

(4) H is commutative,

(5) 1172 e (G 9) =]
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Proof: Obviously (1):>(2)

2)=0) because (x—>y)>y<y ) (x> y)>y)>ysx—>y » adding (2)we hold xS(x—)y)—)y’
similarly (=) Sx, then™ = (x—>y)—>y

()= Since (x—>y)>ysx » adding (3) we hold

(=) 2y=((c—>y) >y >0 >xp (=29 —=290XE—)—»)

=((y=x) =x) (k=) =) =2 =2) =((c =) =) 2X) >((V =>X) =>x) —>x)
(x> 2> 2>0)2>20=>09)<y=>((x>»)>y) =]

> . .
then (=) =x2(x—)) -y » by theorem1.2, H is commutative

D=>0) px<zpq¥>25¥22 pozox=1 (x2>2)>0=>2)=y 4) wenold
Y x=pHE>0)20)=y > ((x>2)22) =¥ 2>2) > (V22 =1 ey ¥V

()= opvieusty C) = 6)

Theorem1.4 A Hilbert Algebras (H,—,1)

x,yeH

in BCK-algebras is called commutative if and only if for

any , it satisfies the following [3]:

Y=2x)=2x=((r>x)=2>x)>p) >y

Proof : Necessity: because H is commutative , so (y—=1) Hx=(x—)) >y , by theoreml.3 (3 )
X=XV | phen VOOV 2x=((C>y) o>y o ) x=(x—>y)oy

then V%) 2x=(((h >X) >x) >y) >y

Sufficiency: Suppose(y_)x) 2x=((( >0 >x)—>)) Y, xgythen
x=l-ox=(y—->x)>x =((0=>x)=2>x)>y)>y =(x—>y)>y by theoreml 3 (3) H is

commutative.

(H,—,))

Theorem 1.5 A Hilbert Algebras in BCK-algebras is called commutative if and only if for

any x,yeH , it satisfies the following [4]:

(H o) x=x->y)>y
() 222 x)=y—>(z->x)
(3) x—>x=1,
(4) l>x=x

Proof: Necessity is obviously.

Sufficiency: first proof (H,—.1) is a Hilbert Algebras in BCK-algebras.
byZ ™ Y=2X)=y>EZ>X) pog YO0 29)=0>%) >0 >9=1501 nolds.

Y PX=Y XL, (4) then YTIXEO ) DX=020)DY=1oV=Y per g holds,
by (1) (2) then
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zox)>@-ox)=y>(@E->x)>x)=ry>(x>2)>2)=(x>2)>(—>2)
o EN—=(—9) 50— (4

x-=(1-%)->x—x) =(x—>1) >(x—>D)=1

supposex =Y, z=1, then
BCK-5 holds.

for (*) (4) and BCK-5, thus
(y—=2)>(z—>x) > —>x)
=(1->@—>2)>(x—>2)>(y—2)
=(y—>2)>D)>U(x—>2z)>])

=1->1
=1
BCI-1 holds.
(3) X > x=ljsBcI3
thus, (H,—.1) is a Hilbert Algebras in BCK-algebras.

finally, by (1) (=) —x=(x—3) >y ,

(H,-,))

So the Hilbert Algebras in BCK-algebras is commutative.

COMMUTATIVE IDEAL
(H,—,))

Definition 2.1 A non empty subset H, of H is called commutative ideal of Hilbert Algebras in

BCK-algebras, if it satisfies [5]:

(1) 1€ Hy,
() 1f° s_»C)EH), andZEHO, then for any X, y,z€H, it satisfies the following
(x> y)>y)>xeH,

Obviously, H is a commutative ideal of #, we call it trivial commutative ideal.

H ={1,2,3,4}

Example 2.2 Let , the ordinary operation — is given by:
- 1 2 3 4
1 1 2 1 4
2 1 1 3 4
3 1 2 1 4
4 1 1 3 1
then (H,—.1) is a Hilbert Algebras in BCK-algebras, 1.2} is an ideal, but it not a commutative ideal

Theorem 2.3 A commutative ideal of a Hilbert Algebras in BCK-algebras must be an ideal, but the inverse is does
not hold.

Proof: Suppose H, is a commutative ideal, if” —xeH, and 7 € H, , then

y_)(l_)x)EHo’ yeHO’ by((x_)y)_)y)_)XEHowehold

x=((x—>D->D)—>xeH, ) H, is an ideal From Example 2.2 ideal is not a commutative ideal.

y—>xeH,

Theorem 2.4 If H, is a commutative ideal if and only if for , the following hold:

(x>y)>y)>xeH,

y—>xeH, l->(y—>x)eH, leH,

proof: Necessity. If*~ %is a commutative ideal, then
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By the definition of commutative ideal (x—>y)>y)>xeH, holds Sufficiency: Suppose H, is an ideal,

and it satisfies ((x_)y)%y)AXEHO, ifZ_)(y%x)EHO, ZEHO,

y—>er0h01dS, by((x—)y)—)y)—)erO

by the definition of ideal

, thus " %is a commutative ideal.

. . . . . <
Theorem 2.5 Suppose H, is an ideal of a Hilbert Algebras in BCK-algebras and xeH, it V=Y then?V € H, .

x—>y=leH

Proof: ¥ <x implies 0" .Combining xeH, and the definition of ideal of a Hilbert Algebras in

BCK-algebras we obtain yeH, )

Theorem 2.6 For any Hilbert Algebras an implicative ideal must be positive implicative ideal but the inverse does
not hold.

Proof: Suppose H, is an implicative ideal and z>(yo>x)eH,zoyekH,

(o)A Ay Az )=z (D),
(z—>))>(Ez—>(z—>x)e Hq

Since

By Theorem 2.5 we get

Combining z>yeH, and making use of H, is an ideal we have

z>(z—>x)eH,
As (ED) 0z =2(€—>x)—>x)—>x)=2 > (z > x) € H,

1->((z—=>x)>x)>(z—>x)eH, z—>xeH

.. leH . .
It follows that combining 0 we obtain 0 this means that

01s a positive implicative ideal.

Theorem 2.7 For any Hilbert Algebras an ideal H, is implicative if and only if for all x.yeH, if
(x—)y)—)erOimphesero.

Z—)((x—>y)—>x)eH0an zeH,

d
xeH,

Proof: Sufficiency: Suppose H, is an ideal. If

(x>y)>xeH

By the definition of ideal we have 0" it follows that

Necessity is evident.

Theorem 2.8 Theorem2.2 Suppose H, is a nonempty subset of Hilbert algebras in positive implicative

BCK-algebras H ' then the following conditions are equivalent:

(1) H, is an ideal of Hilbert algebras in positive implicative BCK-algebras;

g y>(—->x)eH y—oxeH,.

) H, is an ideal and for any ™ in 0 implies

3) H, is an ideal and for any XV ZinH

z=>(y—>x)eH, implie(z—>y)—>(z—>x)eHO.

(4)1 eH, andz—)(y—)(y—)x))e]-%,ze]%implyy —>xeH, .

Proof. H=(2) If H, is an ideal of Hilbert algebras in positive implicative BCK-algebras by H, is an ideal.
y=>W—->x)eH y—>y=1leH,

Suppose 0 since
y—>xeH

by definition 0 2holds.
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2)=0) Assume(z)andz —> (o> x)eH,
zo>(z>(z—> y)—> X))
=zo>((z>y)>(CE->x)=z>EZ—>(—>x)

_(z22)> (o> -ox) 1l>E>(—>x)=z>(—>x)eH,

z3(z(z—>y)—>x)eH, z—>(z—>y)—>x)eH,

it follows that by(2) .
a2V (E->)=23((>))>x) 4,2V 2>@E>0eH
()= It’s  clear  that le H, . If
Yo 2E-ox)=y>E>0->x)=22>0>0>x)eH,
zo>(ox)=y>CZo>x)=1>0->C->x)=0->2>y)>0->(2->Xx)
_y>(—>(E—>x)eH,

0 .which is(3).

z=>(>(p—>x)eH,,zeH, then

eH y—o>xeH

since H, is an ideal and © 0 thus 0 (4)holds.

xEHOandyeH y=>(1->(10->x)eH,

(D=0 First proof H, is an ideal. Suppose y— 0 then

andy €H,

By(4)1 —>x=xeH, H, is an ideal. Next let d

z—=>Y)—>C>CZ>x)=2>0—>2>0E>2>X)_y>(E—>(E—>x)

z>(—>x)eH, z>yeH,

=y>(z>2)>(E->x)=y>0>(E->x)=y—>(z->x)
_z—>(y—>x)eH, then(z—)y)—)(z—)(z—)x))eHO.

Combining 0 and using(4) z>xeH, . This have proofed that H, is an ideal of Hilbert algebras in

positive implicative BCK-algebras.

z—>yeH

Theorem 2.9 Let (H, .1 is a Hilbert Algebras in BCK-algebras , then the nonempty subset H, of H is an
implicative ideal if and only if it is both a commutative ideal and positive implicative ideal.

Proof: Suppose H, is an implicative ideal, by Theorem 2.6, an implicative ideal must be positive implicative ideal

H,. .
now we proof is also commutative.

TodothisLety_)erO, Since((x*y)%)ﬂ—)xgx,

we have x> y<(x=>y)>y)—>x)>y

Denoteu:((x_>y)_>y)_>x,

we obtain (U = V) 2 u =((k—) =) =) =) (€ =) =>y) >x)
SE=2)2>2(k=2>y)=2>y) =20 =(x>y)2>y) > (x> y)>x)
<y—>xeH,

u—->y)»ueH ueH, S()(()C—))/)—))/)—))CEH0

0Making use of Theorem 2.7we get
(x—>y)>y)—>xeH,

Hence,

H,. ..
, Therefore 0is a commutative ideal.
(x—>y)>xeH,

This proof that if yoxeH, implies

Sufficiency: Suppose H, is both a commutative ideal and positive implicative ideal, Let

(x> > ((x>y)>y)<E->y)->x =) =>(x=>y)>y)eH,

Since »  Making use of

Theorem 2.8 (1) wehold(x_)y)_)yEHO
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yo>x<(x—>y)—>x y—>xeH,

, We obtain

d((x—)y)—)y)—)ero

Moreover, since

(x>y)>yveH

By Theorem 2.4 we hol 0 we obtain ™ < 110

, combining

Therefore H, is an implicative ideal.

H

) . . H
1is commutative then so is 2,

Theorem 2.10 Suppose H, and H, are ideals of [ let H, c H, , if

Proof: Lety_)xEHZ u=y—-x yo>U—->x)=u—>(y—>x)=leH,

, denote , then

Using the commutative of , and Theorem 2.4, we have (—>x)=>y)>y)>U—>x)eH,

because 11 S 2 then u—((u—x)(=1) =) =) =(U—x) =) —>y) > U —x) e H

CombininguEH2, wehave(((u_>x)_>Y)_>y)—>XEH2AS
((u>x)>y)>»)>x)>((x>y)>y)—>x)
S(x=) 2> y)>(U—>x)>y) oY)
S((u—->x)>y)>x->y)
<x—=>Wu—>x)

=u—>leH,
(x—>y)>y)>xeH,

We obtain , thus H2 i1s a commutative ideal.
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