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ABSTRACT

The notion of BCK-algebras was formulated first in 1966 by K. Iséki Japanese Mathematician. A BCK-algebra is an
important class of logical algebras and was extensively investigated by several researchers. Here we well give the
definition of Hilbert Algebras in commutative BCK-algebras and ideal.
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INTRODUCTION

HILBERTALGEBRAS IN COMMUTATIVE BCK-ALGEBRAS

Definition1.1 A Hilbert Algebras )1,,( H in BCK-algebras is called commutative if and only if for

any Hyx ,
，it satisfies the following [1]：

yyxxxy  )()(

Theorem1.2 For any Hilbert Algebras )1,,( H in BCK-algebras，the following conditions are equivalent [2]：

（1）H is commutative，

（2） yyxxxy  )()(
，

（3） 1))(())((  xxyyyx

Theorem1.3 For any Hilbert Algebras )1,,( H in BCK-algebras，the following conditions are equivalent：

（1）If zx  and zxzy  ，then yx  ，

（2）If zyx , and zxzy 
，then yx 

，

（3）If yx 
，then yyxx  )(

，

（4）H is commutative，

（5）If 1xy
，then 1))((  xyyx
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Proof： Obviously )2()1(  .
)3()2(  because yyyx  )( ， yxyyyx  ))(( ，adding（2）we hold yyxx  )( ，

similarly xyyx  )(
，then yyxx  )(

)4()3(  Since xyyx  )( ，adding（3）we hold
xxyyxyyx  )))((()( For ))(())(( yyxxxy 

))))(((())(( xxyyxxxy  )))((()))((( xxxyxyyx 
)()))((( xyxyyx  ))(( yyxy  1

then yyxxxy  )()(
，by theorem1.2，H is commutative

)1()4(  If zx  and zxzy 
，then 1 xz ，

1)()(  zyzx by（4）we hold
xy ))(( xxzy  ))(( zzxy  )()( zyzx  1 then yx 

)5()3(  Obviously )5()3( 

Theorem1.4 A Hilbert Algebras )1,,( H in BCK-algebras is called commutative if and only if for

any Hyx ,
，it satisfies the following [3]：

yyxxyxxy  )))((()(

Proof ： Necessity: because H is commutative ， so yyxxxy  )()( ， by theorem1.3 （ 3 ）
yyxx  )(
， then yyyyxxxy  )))((()(

， for yyxxxy  )()(
，

then yyxxyxxy  )))((()(

Sufficiency: Suppose yyxxyxxy  )))((()( ， yx  then
xxyxx  )(1 yyxxy  )))((( yyx  )( by theorem1.3 （ 3 ） H is

commutative.

Theorem 1.5 A Hilbert Algebras )1,,( H in BCK-algebras is called commutative if and only if for

any Hyx , ，it satisfies the following [4]：

（1） yyxxxy  )()(
，

（2） )()( xzyxyz 
，

（3） 1 xx ，

（4） xx 1

Proof：Necessity is obviously.

Sufficiency: first proof )1,,( H is a Hilbert Algebras in BCK-algebras.

by )()( xzyxyz  we hold 1)()())((  xyxyxxyy BCI-2 holds.

If 1 xyxy ，by（1），（4）then yyyyxxxyxx  1)()(1 ， BCI-4 holds.
by（1）（2） then
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( ) ( ) (( ) ) (( ) ) ( ) ( )z x y x y z x x y x z z x z y z              

so )()()()( zyzxxyxz 
（*）

suppose yx 
， 1z ， then )()1(1 xxxx  1)1()1(  xx

BCK-5 holds.

for（*）（4）and BCK-5，thus
))()(()( xyxzzy 

))()(())(1( zyzxzy 
)1)(()1)((  zxzy

11
1

BCI-1 holds.
（3） 1 xx is BCI-3

thus， )1,,( H is a Hilbert Algebras in BCK-algebras.

finally，by（1） yyxxxy  )()(
，

So the Hilbert Algebras )1,,( H in BCK-algebras is commutative.

COMMUTATIVE IDEAL

Definition 2.1 A non empty subset 0H of H is called commutative ideal of Hilbert Algebras )1,,( H in
BCK-algebras，if it satisfies [5]：

（1） 01 H
，

（2）If 0)( Hxyz 
，and 0Hz

，then for any 0,, Hzyx  it satisfies the following

0))(( Hxyyx 

Obviously，H is a commutative ideal of H ，we call it trivial commutative ideal.

Example 2.2 Let }4,3,2,1{H
，the ordinary operation is given by：
 1 2 3 4
1 1 2 1 4
2 1 1 3 4
3 1 2 1 4
4 1 1 3 1

then )1,,( H is a Hilbert Algebras in BCK-algebras， }2,1{ is an ideal，but it not a commutative ideal

Theorem 2.3 A commutative ideal of a Hilbert Algebras in BCK-algebras must be an ideal，but the inverse is does
not hold.

Proof：Suppose 0H is a commutative ideal，if 0Hxy  and 0Hy
，then

0)1( Hxy 
， 0Hy

，by 0))(( Hxyyx  we hold

0)1)1(( Hxxx 
，so 0H is an ideal From Example 2.2 ideal is not a commutative ideal.

Theorem 2.4 If 0H is a commutative ideal if and only if for 0Hxy 
，the following hold:

0))(( Hxyyx 

proof：Necessity. If 0H is a commutative ideal， 0Hxy 
，then 0)(1 Hxy 

， 01 H
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By the definition of commutative ideal 0))(( Hxyyx  holds Sufficiency: Suppose 0H is an ideal，

and it satisfies 0))(( Hxyyx 
， if 0)( Hxyz 

， 0Hz
， by the definition of ideal

0Hxy  holds，by 0))(( Hxyyx 
，thus 0H is a commutative ideal.

Theorem 2.5 Suppose 0H is an ideal of a Hilbert Algebras in BCK-algebras and 0Hx if xy  then 0Hy .

Proof: xy  implies 01 Hyx  .Combining 0Hx and the definition of ideal of a Hilbert Algebras in

BCK-algebras we obtain 0Hy .

Theorem 2.6 For any Hilbert Algebras an implicative ideal must be positive implicative ideal but the inverse does
not hold.

Proof: Suppose 0H is an implicative ideal and 0)( Hxyz  0Hyz 

Since  )())(()( xzyxzzyz 0)( Hxyz 

By Theorem 2.5 we get 0))(()( Hxzzyz  .

Combining 0Hyz  and making use of 0H is an ideal we have

0)( Hxzz 

As  )))((()())(( xxxzzxzxxz 0)( Hxzz 

It follows that 0))())(((1 Hxzxxz  combining 01 H we obtain 0Hxz  this means that

0H is a positive implicative ideal.

Theorem 2.7 For any Hilbert Algebras an ideal 0H is implicative if and only if for all 0, Hyx  if

0)( Hxyx  implies 0Hx .

Proof: Sufficiency: Suppose 0H is an ideal. If 0))(( Hxyxz  and 0Hz .

By the definition of ideal we have 0)( Hxyx  it follows that 0Hx .

Necessity is evident.

Theorem 2.8 Theorem2.2 Suppose 0H is a nonempty subset of Hilbert algebras in positive implicative
BCK-algebrasH then the following conditions are equivalent:

(1) 0H is an ideal of Hilbert algebras in positive implicative BCK-algebras;

(2) 0H is an ideal and for any yx, inH 0)( Hxyy  implies 0Hxy  ;

(3) 0H is an ideal and for any zyx ,, inH
0)( Hxyz  implie 0)()( Hxzyz  ;

(4) 01 H and 00,))(( HzHxyyz  imply 0Hxy  .

Proof. )2()1(  If 0H is an ideal of Hilbert algebras in positive implicative BCK-algebras by 0H is an ideal.

Suppose 0)( Hxyy  since 01 Hyy 

by definition 0Hxy  2holds.
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)3()2(  Assume(2)and 0)( Hxyz 

)))((( xyzzz 
))()(( xzyzz  ))(( xyzz 

= ))(()( xyzzz  = 0)())((1 Hxyzxyz 

it follows that 0)))((( Hxyzzz  by(2) 0))(( Hxyzz  .

As ))(()()( xyzzxzyz  then 0)()( Hxzyz  .which is(3).
)4()3(  It’s clear that 01 H . If 00 ,))(( HzHxyyz  then

))(( xzyy  ))(( xyzy  0))(( Hxyyz 

)()( xzyxyz  ))((1 xzy  ))(()( xzyyy 

= 0))(( Hxzyy 

since 0H is an ideal and 0Hz thus 0Hxy  .(4)holds.
)1()4(  First proof 0H is an ideal. Suppose 0Hxy  and 0Hy then 0))1(1( Hxy 

and 0Hy

By(4) 01 Hxx  0H is an ideal. Next let 0)( Hxyz  and 0Hyz 

))(()( xzzyz  ))(( xzyz  = ))(( xzzy 
))()(( xzzzy  )())(1( xzyxzy 

= 0)( Hxyz  then 0))(()( Hxzzyz  .

Combining 0Hyz  and using(4) 0Hxz  . This have proofed that 0H is an ideal of Hilbert algebras in
positive implicative BCK-algebras.

Theorem 2.9 Let )1,,( H is a Hilbert Algebras in BCK-algebras， then the nonempty subset 0H of H is an
implicative ideal if and only if it is both a commutative ideal and positive implicative ideal.

Proof：Suppose 0H is an implicative ideal，by Theorem 2.6，an implicative ideal must be positive implicative ideal

now we proof 0H is also commutative.

To do this Let 0Hxy 
，Since xxyyx  ))((

，

we have yxyyxyx  )))(((

Denote xyyxu  ))((
，

we obtain uyu  )( )))((())))(((( xyyxyxyyx 
)))((()( xyyxyx  ))(())(( xyxyyx 

0Hxy 

Hence， 0)( Huyu  Making use of Theorem 2.7we get 0Hu
，so 0))(( Hxyyx  .

This proof that if 0Hxy  implies 0))(( Hxyyx 
，Therefore 0H is a commutative ideal.

Sufficiency: Suppose 0H is both a commutative ideal and positive implicative ideal，Let 0)( Hxyx 
，

Since xyxyyxyx  )())(()( ， 0))(()( Hyyxyx 
，Making use of

Theorem 2.8（1）we hold 0)( Hyyx 
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Moreover，since xyxxy  )(
，we obtain 0Hxy 

By Theorem 2.4 we hold 0))(( Hxyyx 
，combining 0)( Hyyx  we obtain 0Hx

Therefore 0H is an implicative ideal.

Theorem 2.10 Suppose 1H and 2H are ideals ofH let 21 HH  ，if 1H is commutative then so is 2H .

Proof：Let 2Hxy 
，denote xyu 

，then 11)()( Hxyuxuy 

Using the commutative of 1H and Theorem 2.4，we have 1)()))((( Hxuyyxu 

because 21 HH 
，then 1(( )(( ) ) ) ((( ) ) ) ( )u u x y y x u x y y u x H           

Combining 2Hu ，we have 2)))((( Hxyyxu  As
(((( ) ) ) ) ((( ) ) )u x y y x x y y x       

)))((())(( yyxuyyx 
)())(( yxyxu 

)( xux 

21 Hu 

We obtain 2))(( Hxyyx 
，thus 2H is a commutative ideal.
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