Available online www.jocpr.com

Journal of Chemical and Phar maceutical Research, 2014, 6(7):1200-1205

ISSN : 0975-7384

Research Article CODEN(USA) : JCPRC5

High accuracy analysis of anisotropic finite element method for a
class of nonlinear degener ate wave equation

Zhiyan Li, Linghui Liu, Chunguang Zhao and Shutao Jiang

School of Mathematics and Physics, Handan College, Handan, China

ABSTRACT

The convergence analysis of the bilinear finite element method to a class of non-linear degenerate wave equation on
anisotropic meshes is considered in this paper. Moreover, the global superconvergence for semidiscrete scheme is
proposed through interpolation instead of the Ritz \olterra projection of the exact solution.
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INTRODUCTION

It is wellknow that wave equations can arise froangnphysical process, and a lot of them are noatiaed widely
used. Such as the perturked Sine-Gordon equatigchwlecur in quantum mechanics, a model in thet@lgdastic-
microstructure which describe the longitudinal mantbf an elasto-plastic bar and anti-plane shearnirtje case of
spaces dimension(N=1).Therefore,many mathematic@adsphysicists focus their attention to study ribelinear
wave equations, and there have been a lot of ijmefiteratures[1-3].

The superconvergence study of the finite elementhoas is one of the most active research subjeatis im

theoretical and in practical computations. Howeiteseems that there are few studies focusing eritph accuracy
analysis of finite element methods for the nonlin@ave equations with dissipation, especially om éimisotropic
meshes. As a matter of fact, in many cases, the ulaety or quasi-uniform

<C,0K OT,

,where Ty is a family of triangulation ofQ2 hK 1Pk are the diameter of
h = maxh,
K and the biggest circle contained in K, respetyive KO and C is a positive number independent of K
and h.) described in [4] are great dificiencesppl&ation of finite element methods. For examples, solution of
some elliptic problems may have anisotropic behavigarts of the defined domain. This means thatdolution
only varies significantly in certain directionsidtan obvious idea to reflect this anisotropyhie tliscretion by using
anisotropic meshes with a finer mesh size in tihection of the rapid variation of the solution adoarser mesh
size in the perpendicular direction. Besides, s@mablems may be defined in narrow domain, for examm
modeling a gap between rotter and stator in artredat machine, if we employ the regular partitioihthe domain,
the cost of calculation will be very high. Therefpto employ anisotropic meshes with fewer degoédseedom is
hy

a better choice to overcome these difficulties. sy, anisotropic elements K are characterizedy ,

assumption(i.e.l‘,]K /pK

where the limit can be considered §&s— 0. In this case, the Bramble-Hilbert Lemma can netused in the
estimate of the interpolation error. We have tolafie anisotropic finite element method as in [5-7

In this paper, we consider the convergence anabfsibe bilinear finite element method to a kindrafnlinear
degenerate wave equation on anisotropic meshessuperclose and superconvergence properties fadeeete
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scheme is obtained based on the anisotropic iftdipo theorem proposed in [5-7], and the integdaintities
developed in [8-10] with the help of interpolatioh solution to the problem cosidered, instead éémréng to the
Ritz Volterra projection of the exact solution, whimakes the proof rather simpler than the prevabugies.

MODEL PROBLEM AND ITSVARIATIONAL FORMULATION
Consider the following nonlinear wave equation vdissipation:

u, ~Au+g(u,)+ f(u)=0 (xt)oax[oT]
u(xt)=0 (x,t)OoQx[0,T]
u(x,O) = uo(x), u, (x,O) =y, (x) xtQ 2.1)

where € is an open bounded set in R2, with smooth bound?;%. g, f Uo and Yare all known functions.
For simplicity, we assume:

(i) g and f are Lipschitz continuous with respecttwith Lipschitz constant L;

iy UE ci@x[oT]) unique solution of (2.1).

WSI’

r
We denote by (Q)the standard Sobolev space of s-differential fumstiin L (Q)

o Mg 1Ly H2(@)=Wo2(0) 0L =10L.: 05 Szw1srseo

,its norm and seminorm

Throughout the paper C indicates a positive comnstarssibly different accurrences,which is indepamidof the
mesh parameters h, but may depend on u, g, fand T.

Then the weak form of (2.1) is to firl1J [ﬂ) :[O’T] - Hé(Q), such that
{(utt )+ (0u,0v) + (g(u, ), v) + (F,v) =0, OvOHE(Q),
(x,0) = ugy(x),u, (x,0) = u, (x), x0Q. 20

CONSTRUCTION OF THE FINITE ELEMENT
K [ 1'1] [ 1'1] be the reference element Wlth four vertlcgé = (_ l'_l)’ 4 = (1'_1)’83 = (1'1) and

A

a, = (_ 1'1) and four edgeél ala? B a2a3’| a3a4’and l,=a,a .The shape function space on

A

K is defined as:

~

5={,,9,,9,,9,}, P=span{1¢&,n,&n} (3.1)

It can be easily checked that the interpolatiorfindd above are well-posed and the interpolatiorctions IV can
be expressed as:

=2 W=&)L-n), + (1+5)(1 n), + (1+5)(1+f7)v3 (1 ENLe i,

.|>I|—\

It has been proved in [9] that the above interpofadperator has an anisotropic interpolation proge, i.e., for any

a= (0'1102 )|a| = 1,there holds

60%@ (3.2)
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For the sake of convenience, & U sze a convex polygon in x-y plane composed by alfaofi rectangular

meshes Dh, which does not need to satisfy the regularity godsi-uniform assumptions[4]. For an|)</ L Dh,
denote the barycenter of element K by (xK; yK), thagth of edges parallel to x-axis or y-axis by.2Bhy,
h = maxh,

respectively, he - diam(K), KHDy

Let Fe R - K be an affine mapping defined by
{x =X, +h¢&
Y=Y« thy 3.3)
Then the associated finite element space is
V, =i =Vl oF, 0P, 0K 00, M, =0}
Define the interpolation operzitolrh ‘H Z(Q) _: Vi as
ol =TT T H2(K) = PR 1 v = (0)o B OV (Q)
THE SEMI-DISCRETE SCHEME AND CONVERGENCE ANALYSIS
" . . —u(@):foT] -V,
e approximation problem corresponding (2.2) reesds=ind , such that
Uev)+(0U,0v)+(gu,)v)+(f.v)=0, VOV,
U (x,0) = luy(x),U, (x,0) = 1u,(x), x0Q.
4.1)
With the similar way to the proof in [10],we cant ¢ige semi-discrete (4.1) has a unique solution.
From (3.2) and the Scaling techniques, we canyegstlithe following lemma.
Lemmal: If u([t), Y (Et), Uy (H)D H Z(Q)’t . [O’T], we have
lu=1u)l, + -1, < cnul, .
”(U a Iu)tt”o +||(U a Iu)t”o + h|(u a Iu)t|1 = Chzqut|2 +|utt|2)_ (4.3)
Theorem 1 : On the hypotheses of Lemma 1, andsthenaptions are satisfied, there holds
0 ), +HU ), < Ch2{|u|2 (2 +iu +|un|z)dr)z}
. (4.4)
proof: Let Y TUSU —lutlu-u=60+a,0=U —lu,a=1u-ug .o (2.2)
from (4.1), for anyVDVh , we get the error equation
(6,.v)=(06.0v) = (e, v)+ (B, Ov) - (g(U, ) - g ) v) - (£ (U) - £ (u).v) 45)
LetV = et in (4.5), then
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1d d
1846 +/6}= (@ 8)+ & (0006)- (00, 00)

-(9U)-glu).g)-(fL)-f(u).&,)

6,(0)

Integrating (4.6) with respect to t, and notingtf%(ao) = , we have

%ﬂlé’tllﬁ +|5’|f}: .E(%,«9t)dr+(Dw,DH)—j;(Dw,DB)dr
+£(9(Ut)— g(ut),éﬁ)dr+j;(f(u)_ f(u)’gt)dr

5
= z |_i
i=1
Using Young inequality and Lemma 1, it follows that
1
v+ <O« a2 +[u2or )+ L (o + o bir +2

By Lemma 1, assumption (i) and Cauchy inequaligidg
t t
Lo+Ls=Cl U -u 6] d7 + [V -ul Ja],97

t
<c[ (8l +[elal, “ed.al, +lel.el, bz
t t
<cn?[ (o +juf2kr+c[ (o] +[6 ki

Combining (4.8) and (4.9), and applying Poin%'arinequality, we see that
o2 +[6 < o + [l 102 +luf: e e () + 6 e
From Gronwall's Lemma, there holds .

1012 +[617 < {2+ [l +1u +Juf: i

Thus

1
101, +161 < on{ |2+ [l i+l i )
By the triangle inequality, the desired result tf@tows. The proof is cor.npleted.

THE SUPERCONVERGENCE ANALYSIS

(4.6)

4.7)

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

Now, we will turn our attention to the superclos®perty. At first, we shall introduce the followirighportant

lemmas.

vOV, KOO

Lemma 2[11]: For any h, we have the following inequalities
v

_l _l
XVHO,K = Chx VV‘O,K HVXVHO,K = Chy |VX|0,K

uGl),u, () OH3*(Q),tO[0,T] for anvav

Lemma 3: If h: we have

(Ow,0v) =O(h)ul, M,
(DC‘% ) DV)K = O(hli )|ut |3,|< |V|1,K )

Proof : Applying Lemma 2, with the similar way teetproof in [8], it follows that

1203
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(wx ’Vx) = O(h;)U| 3K |V|1,K , (5.4)
(wy'vy) = O(hf)u|3,|< |V|1,K ) (5.5)
Combining (5.4) and (5.5), we get (5.2). With theme techniques above we can derive (5.3).The pisof

completed.
Applying the similar arguments as those in Theorenand using the abave lemmas, we can easily oliein
following superclose property.

3 2
Theorem 2 : Assume u and U are the solution of) @@ (4.1), respectively.u’ut UH (Q)’ u, U H (Q)

010, o1, = L ol ) |

,then

(5.6)

In order to study the supercovergence resultsebilinear element for our problem, we construet ithiterpolation

.  on .
postprocessing operator?" as follows:

K K

Combining four adjacent small elemerlﬁé’ K2.Ks and "“4into one big element E the vertices of E are denote

bya" (1s < 9), the corresponding partition is denote bDy2h =2h. For anyvD H S(Q), we define 2nV just
vOH3(Q), 1V OQ, 4ng Iyv(a)=v(a),Ll<i<9)

the biquadratic Lagrange interpolation, i.e., foy a

From the anisotropic theorem proposed in [5,6,d kwow the interpolation operatolr2h satisfies the anisotropic
property. Also, we can easily get the following ham

Lemma5: For anyvD H S(Q), the interpolation operato! 2h satisfy
|2h(|V)S IZhV, (5_7)
”I 2hv||1 < C|V|1’ DVDVh, (5.8)
||I2hv_v||1 = Ch2|v|3_ (5.9)
Theorem 3 : Under the assumption of Theorem 2¢ethelds
1
120 -4, =00, Lt o ) |
(5.10)
Proof : Note thatI at ~U= U = lputlpu-u , form Lemma 5 and Theorem 1, we get
1200 =ul, < [1200 = 1o (1)), 120 (10) = ul],
<cu -1u, +[r,u-ul,)
1
<o (ol ) |
(5.11)

The proof is completed.
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