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ABSTRACT

The one dimension ENO (essentially non-oscillatory) MW (mor phological wavelet) algorithmis proposed, using the
characteristics of ENO interpolation basically without oscillation, and improved reconstruction strategy. The
original signal is decomposed by MW algorithm, and reconstructed according to ENO interpolation method. The
algorithm is applied to the signal processing, results show the mentioned ENO MW algorithm has better
profermance than the existing MW and has good application value.
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INTRODUCTION

In 2000, Goustias [1] proposed the concept of molggical wavelet (MW), unified the most linear andnlinear
wavelet successfully and formed a united framewfork multi-resolution analysis. Morphological waveles a
branch of wavelet theory nonlinear extension swidend is the description methods that can be csipl
reconstructed and non-redundant, which is basdteononlinear characteristics of mathematical molquy.

Morphological wavelet transform is used to the tifreguency characteristics of signal by Linearifyvavelet

transform and non-linearity of morphological operatombining, and has an extremely important sigaifce in

theory and in application. Morphological Waveletasis is a nonlinear analysis; it is closer to tienlinear

characteristics of the signal itself, the sub-baighals is better reflected the original signakaflecomposed. At
present, there are two branches in the morpholbgieaelet researching, one is the morphological eletvthat

proposed based on [1], which is a non-dual wawssentially; the other is a dual wavelet [2] thaddxl on various
mathematical morphology operators, which is a meltel morphological filters essentially that meetipyramid

reconstruction conditions, which is the generalizadrphological wavelet. The morphological waveletable

feature is non-linear and can well reflect the ehtaristics of the original signal, which is thepegximate signal
got by decomposition, can well describe the detdithe original signal.

However, morphological wavelet reconstruction teyg is interpolation in every two points for apyiroation
signal, the newly inserted point value is the saméhe previous point, and then the detail sighained in the odd
and even bits using different methods, which ndifuensures the signal perfect reconstructed, sermthe detail
signal is intercepted through the threshold valbie,modified detail signal bits are mostly zercgsuténg the next
data is identical with the previous data in theoretructed signal, that is a stepped waveform apmeén the
reconstruction. This phenomenon is extremely untavie in one-dimensional or two signal processiBhO
(Essentially Non-Oscillatory) interpolation techué[3] provides a good reference for the non-limeaonstruction
of data-dependent; the advantage of this methodnbaslata concussion basically after interpolataat, ddso
avoiding the Kyrgyzstan Booth effects of disconiindulti-resolution analysis is proposed based BNO
interpolation in [4], however, it is not a wavetethnique essentially, and the frequency invaraaracteristics are
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not guaranteed when signal analyzing[5-6].

Therefore, ENO morphological wavelet algorithm iogosed, and it had two steps: morphological wavele
decomposition and ENO interpolation reconstructidime signal is expanded into a one-dimensional ENO
morphological wavelet algorithm, and its charastés and effects were analyzed.

ONE-DIMENSIONAL ENO MORPHOLOGICAL WAVELET

Mathematical Morphological basic transformation

Mathematical morphology is mathematical methods dleaveloped on the basis of set theory and isreifitefrom

the time, frequency [8-10].the target signal iscdié® by set, a structure element, called "prolig'tjesigned in
signal processing, the useful information can bieaeted to characterize and describe through wtiehprobe is
constantly moving in the signal. The common operetiare erosion, dilation, opening, closing, eire, defined as
follows.

Definition 1 assume Ais a set, B is the structyelement, then the corrosion transform A to Bained as:
1) AOB={x: B+xO A

Definition 2 assume A is a set, B is the structgelement, then the expansion transform A to @efined as:
) AOB=U{x: A+b: b0OB

Definition 3 assume Ais a set, B is the structgrelement, then the opening transform A to B fined as:
@) AoB=(AGB)OB

Definition 4 assume A is a set, B is the structgelement, then the closing transform A to B il as:
4 A-B= (AL B)OB

Four operations as above is the morphological baggiration. The realization of morphological tramefation
generally only contains Boolean operations, additimd subtraction from the above definitions, daldon is
simple and computing speed is fast.

One-dimensional morphological wavelet

Morphological wavelet as a branch of wavelet themoplinear extension studies, and is the descripti@thods
that can be completely reconstructed and non-remhtndvhich is based on the nonlinear charactesistit
mathematical morphology. Multi-resolution pyramidé#composition, including linear and non-linear gigidal
decomposition, which is the platform the morphotadi wavelet generated. Morphological pyramidal
decomposition is a nonlinear pyramidal decompasijtthe morphological operators such as erosionexpansion
et al are introduced successfully into multi-refiolu technology, and a series of non-linear morpgialal pyramid

is obtained. It has a sound theoretical structanesalgorithms framework.

First, the wavelet is transformed into the morpaal wavelet; the main difference is that the weavesing a
linear signal analysis filter and the morphologieeghvelet filters using corrosion or swelling filtém signal
analyzing.

Analysis and synthesis operators in linear wawaetbe expressed as convolution form.

W m =S Me2n-kx(k)

©)
W (x)(n) = > h(2n-k)x(k)
©)

Take the kernel function
fe-1) = P(m):%;r?/m): on#z-10

7) h(0)=h@)=1h{n)=0n# 0,1

The corresponding operators of synthesis and deasitign are:
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(8) ¥ (x)(n) =0.5X x(2n)+x(2n+1)
9) ¥ (x)(2n) =¥ (x)(2n+1)=x(n)
Wy =3 feen-kh(k) = a(n)
k=-o can be proved, that is analysis and synthesis tiperaneet bi-orthogonal
condition. In fact, the analysis and synthesis afpes are consistent with the low pass filter @& Haar wavelet,

that the above formula is the Haar wavelet tramsfor

Morphological filtering operator such as erosioml @&xpansion replaced linear analysis and syntlogssators in
above equation, there have

W (x)() = (x@A)(2) = [ 6 o0 (x(K))

W ((K) = (x 0 A)(2n) = T dy, (X(N)

(10)
(11)
“A" “V"are operators that take the minimum and maximum.

If A= {0, 1} was taken, there has

(12) ¥' (x)(n) =x(2n) Ax(2n+1)

(13) o' (X)=x(2n) —x(2n+1)

(14) ¥ (9(2n) =¥ (9(2n+1)=x(n)

(15) o' (y) (20)=y(n) VO, " (y) (2n)=:(y(n) \0)

Formula (12) - (15) constitute a one-dimensionatphological Haar wavelet. The morphological Haavelet is a
non-dual wavelet that can be proved.

The difference between the morphological wavelat e wavelet defined by formula (5), (6) is thenimum
operation is used in the morphological wavelet aiganalysis operator and the averaging operatiarsésl in the
wavelet signal analysis operator from the definitiof one-dimensional morphological wavelet. Onlynsie
maximum, minimum and addition and subtraction areolved in one-dimensional morphological waveléte t
operation process is simple and the operation sigefadt. The morphological wavelet is the morpladal filtering
operator instead of the linear analysis and syith@serators of the wavelet, so the morphologicavelet is a
nonlinear wavelet.

ENO interpolation

ENO interpolation method is used to calculate shoakturing in the hydrodynamic. The method is ttiet
piecewise polynomial is defined adaptively to agmto a given signal function according to this signaction
smoothness.

Definition 4 assuméd, (x;w)is the continuousm order interpolation function at the point}{ and w piecewise,
that is

(16) Hin (W) =W(x;)
(17) Hin (W) =Cmja12 (W) X SXSX 41

Omj+12(X;W) is the m order interpolation polynomial that obtained byempiolated tow (x) on m +1 consecutive
nodes {3}, in(j) is grid cell number of the leftmost in interpadet base frame.

im(j) Si<sip(j)+m
(18) Omj+12 (W) =W (%), 1—m<in(j)—j<0
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There have different reconstruction polynomial espond to differenit.(j), so there aren polynomials of ordem.
the most smooth base frame is selected as th@atdtion base frame from base frames including, X;.1, SOW(X)
is the most smooth distribution to gradual sensex@Xim+m)-

The most crucial idea of ENO method is interpolatlmase frame selected by using adaptive technolbgsg
ensuring the method has ENO properties. The smesthofw(x) distribution is reflected by the difference qeoti
of w. the difference quotient table as follows is ekshled by recursive method.

wixJ=w(x)
(19) WIX;, =+, = WD, s Xl WX, =, Xt a]) O X)
If wis Con [x;, X, then there has
1 d
(20) MG X =1 e M) XSG S X

However, when the-order(0<<p<k) derivative is discontinuity on the interval,
(21) V\{)q“-'l)ﬁﬂ(]:o(h_k+p[vv<p)])

[W®] represents thp-order derivative is in intermittent.

Formula (20) and (21) show thatx;, -+, X | is smooth distribution criterion of to gradual sense om;,(X+),

(%, +%,+x) (%, %, k)

that isw is smooth distributionon ,and there has intermittent ¢ .There will always have

|VV[)(‘1""’)(il+k] <|vv[>qz,...,x1-2 " k]| whenh is small enough, thus the interpolated base friandeterminedi,(j) can
be determined by recursive method in programmesidBsteps as follows:

1) Afirst-order reconstruction polynomialdg;.1> on (X, X+1),there has,(j)=j;
2) Ak-order reconstruction polynomial @gj+1/> on Ky X (e , the base frame start poiniij§).
3) A k +1 order reconstruction polynomial..j+1» is constructed by joining a cell on the left oght of

MO, that isii()= 1) — 10 Teal)= i4G)-

The interpolation base frame is determined by sielg¢he minimum absolute difference quotieninodn these two
base frames.

i ())-1 |W[>§k(j)—1""’)§k(i)+k 1 <

(1) = |W Ky X e |]
i () otre

(22)

The reconstruction polynomiah,,(x;w) that obtained on the base frame above mentionednbasscillation
substantially.

One-dimensional ENO morphological wavelet algorithm

The approximate signal is obtained by taking bigger adjacent elements when in signal decomposing in
morphological wavelet algorithm, and thus after tidalyer decomposition and effectively filterindiet original
signal periodical features can extracted.

At the same time, the original signal boundarydeais retained, and avoided losing the edge indtion because
of too smooth compared the approximate signal aftecomposed to the original signal. However, the
morphological wavelet reconstruction strategy,first is interpolation in every two points for apgrmation signal,
the newly inserted point value is the same as theiqus point, and then the detail signal is joimedhe odd and
even bits using different methods, which naturalhgures the signal perfect reconstructed, so wieddtail signal
is intercepted through the threshold value, theifiseldetail signal bits are mostly zero, resultthg next data is
identical with the previous data in the reconsedcwsignal, that is a stepped waveform appearinghen
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reconstruction. Therefore, it is necessary to imerine morphological wavelet reconstruction straté@dpe focus to
be improved is that make the signal reconstrudimnoth, and without affecting the signal frequedisgribution.

ENO morphological wavelet algorithm is proposedhis paper; basically no oscillation interpolatisrachieved to
the approximate signal using ENO algorithm, both loundary information and the original signal perare used
which is reflected accurately by the approximagmal obtained by the morphological wavelet decoritjpos and
basically no oscillation interpolation is used too.

One-dimensional ENO morphological wavelet algorittmnsists of two main steps:

1) The approximate signak((j=1, ---,N/2)) and the detail signay£(j=1, ---,N/2)) are obtained by decomposition
the one-dimensional morphological wavelet whichlt#regth of the original signad; (j=1, --+,N) is N according to
formula (12), (13).

2) Take the approximate signal and expagd, =[ Xy Xonz2] (j=1,--,N/2) will be got, every point interpolation is
achieved as above mention according to ENO intatjpsi algorithm to signalxy’ =[ Xy Xanp], and

X 7 (j=1,++,N+1) will be got, the firstN points are truncated, ang,’ (j=1,*,N) will be got, x;" is the ENO
reconstructed signal of the approximation signataiied by the one-dimensional morphological wavelet
decomposition.

The above is an algorithm of the one-layer ENO rholpgical wavelet decomposition and reconstructionijti-
layers decomposition should be expanded based e#agaer algorithm. The ENO morphological wavelet cent
be reconstructed completely the original signat, Will be got better results comparing a morphatagjiwavelet
threshold reconstruction or single reconstruction.

ONE-DIMENSIONAL ENO MORPHOLOGICAL WAVELET ALGORITHMSIN SIGNAL PROCESSING

In order to discuss the results that one-dimensi&NO morphological wavelet in signal processindyration
signals of X that a power plant steam turbine mgpagenerated are analyzed, the turbine speed /1808 take
1024 points for analyzing, and shown in Figuret tah be seen that the signal is in periodic anl nbise.

YWY

1“] 2‘]] 3|m mn 5“] m m Iﬂm !ﬂm
Sampling points

Amplitude {mm)

B

Fig.1 Original signal

Three-layer morphological wavelet decompositiopadsried out to signal shown in Figure 1, as showRigure 2,
Cal, Ca2, Ca3 are the approximation signals offitise layer, the second layer, the third layer daposition
respectively, Cdl, Cd2, Cd3 are the detail signélthe first layer, the second layer, the thirdelagecomposition
respectively, morphological wavelet decompositisnfiitering decomposition, approximation signal tie low
frequency filtered of original signal, the detagrsal is the high frequency filtered of originagjsal. As can be seen,
Cal is able to respond to the original signal cyelgularity, but still with noise, further decompam Ca2 is
smoother than Cal and Ca3 is the better than Ca2anA be seen, Ca3 well extracted the low frequpndyon of
the original signal.

Threshold filtering reconstruction are carried e approximate signal Ca3 and detail signal CdD, @ti3, the
results shown in Figure 3 (a). From figure 3(aye¢ha@ppeared many steps in reconstructed wavefodnthensignal
is not smooth enough.Ca3 can be well expresseddleform characteristics of the original signaFigure 3 (b),
but the length of the signal is shorter than thigioal signal’s, the length is of the signal is Bthe original
signal’s.

The waveform in Figure 3 (c) is generated accorttindpe one-dimensional ENO morphological wavelgbathm.
Figure 3 (c) is the results of the Figure 3 (b)idasterpolation without oscillation and well exttad the
characteristics of the original signal. For furth@yservation and comparison, Figure 3 are locallifiegh and
obtained Figure 4, the reconstructed effect of dhe-dimensional ENO morphological wavelet is thetlfeom
Figure 4, with no step waveform, and is more smdb#n the approximation signal (Figure 3(b)) okeditby the
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morphological wavelet decomposition, the step wamef is evident in morphological wavelet threshold
reconstruction, and the reconstructed signal odien.
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Fig.2 Signals after 3-layer MW decomposition
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Fig.3 Reconstructed signalswith various methods
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Fig.4 Local amplification of Fig.3

Signal decomposition and reconstruction algorithasthmeet the signal frequency unchanged to thénatigignal.
Figure 5(a),(b),(c) are the spectrum of the origsignal, Cal and the signal analyzed by one-diimaas ENO
morphological wavelet for Cal signal respectivéd).92Hz is prominent, with noise signal in part lofh-
frequency in Figure 5 (a). 50.92Hz is prominent,levithe high frequency (higher than 500Hz) is aitgrd in
Figure 5 (b), the approximate signal decomposednbyphological wavelet is the low frequency filtertx the
original signal. 50.92Hz is still prominent in Figu5 (c), which indicating ENO morphological wavedégorithm
does not change the signal frequency distributiond compared to Fig 5 (b), the high frequency (500H and
down) have a section of attenuation, which is ciesi with signal in Figure 4 (c) is more smoothrttsignal in
Figure 4 (b).ENO morphological wavelet algorithmncansure that the signal frequency unchanged wisich
validated, while there is a certain filtering effeand suitable for applying to the signal procegsi
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(c) Spectrum of 1-dimension ENO MW reconstructed signal
Fig.5 Spectrum of original signal and reconstructed signalswith various methods

CONCLUSION

Morphological wavelet as a nonlinear wavelet, abetter to extract detail characteristics of tigaa, and ENO
interpolation method can realize interpolation rsziblation on the whole, one-dimensional ENO molpbaal
wavelet algorithm is proposed combining the bothamtlhges in this paper and applied to the one-difoaal
signal processing, the results show that the algaris better than morphological wavelet algoritand has better
results.
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