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ABSTRACT

In this paper, we discussed the transmission oari@bisease in the work of an SIRS-SI model wéhtinents are
given to humans and mosquitoes. Furthermore, westigated the Homotopy Perturbation Method (HPM) to
construct the approximate analytical solution of gimultaneous non linear ordinary differential atjons arise in
this model. A stability analysis was then perforrmed MATLAB numerical simulation was provided tarify the
result. These analytical solutions represent a ificgmnt simplification of the system’s descriptiatiowing easy
curve fitting to experiment. Analytical results amempared with simulation results and satisfactagreement is
noted.
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INTRODUCTION

The general epidemic model with some effectiveuess is described in [1, 2]. The epidemiologicapatt of

immunity to malaria has been investigated in [3,T4]e effect of vaccines for malaria has been itigated in [5].

The disease modification idea has been discussé&d. iHowever the intensity of malaria transmissaranges over
the evolution of drug resistance is explained ih [6 [7], the different fluctuation of the mosqaidensity is
investigated. In [8], the authors considered teattnent and vaccination strategies on the trangmis$ malaria. A

mathematical model for malaria treatment and dasistance is described in [9]. A model interactioth constant
immigration in human population and infective imnaigts has been depicted in [10].

The dynamics of a malaria transmission model inirenment is dealt in [11]. The Modelling of malaria
transmission by considering the human populatioexisibited in [12], where it is assumed that thdividuals
recovered from malaria can act as infectives fasceptibles mosquitoes. The idea of reservoir ciasalso
incorporated in [13]. This method of control is apeand is being used in many part of the areatlButisease is
endemic. The larvivorous fish to control malaria dgcreasing the larvae population is developedl#]. [The
optimal control approach is used to minimize tHedtives rate of mosquito. The paper [15] discuszethe study
of optimal control on vaccination program. In tpeper, we formulated a non-linear differential gaqres model by
malaria transmission. We found the HPM and analykaedstability of this equilibrium [16-22].

In this current work, we discuss the effectivenafsthe use of drugs in a malaria transmission rhddedification
of the model is done by considering the assumptiah humans belong to recovered class have pagsital be
susceptible, i.e., we consider a SIRS-SI model.ddeer, we also consider the application of vaceine spraying
as introduced in malaria transmission. Stabilitylgsis is then performed to reveal the effectsreatiments on
population dynamics. Additionally we also propoise tise of the HPM in providing an approximate sotubf the
model.
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NOMENCLATURE

Sh Susceptible human
In Infected human

Ry Recovered human,
Sm Susceptible mosquito
Im Infected mosquito

An rate of constant

af, rate of blood transfusion
bB> rate of infected mosquito bite

cf3 rate of humans

0 rate of vaccination

Un, Um  rate of death

n rate of congenital

ky rate of anti-malarial drugs

a rate of death due to malaria

Am rate of susceptible class with a constant
p rate of spraying

EXPERIMENTAL SECTION

Malaria is a common and serious disease. It isrtegdhat the incidence of malaria in the world rbayin the order
of 300 million clinical cases each year. Malariartality is estimated at almost 2 million deaths ldaide per year.
The vast numbers of malaria deaths occur amonggyehiidren in Africa, especially in remote rurakas. In
addition, an estimated over 2 billion people argsikt of infection, no vaccines are available foe tisease. Malaria
is transmitted to humans through the bite of ardtdd female Anopheles mosquito, following the ssstul
sporozoite inoculation; plasmodium falciparum isally first detected 7-11 days. This is followeteafew days of
the bites, by clinical symptoms such as sweatdl|ssigains, and fever. Mosquitoes on the other haoguire
infection from infected human after a blood mealthdugh malaria is life-threatening it is still pentable and
curable if the infected individual seek treatmeantye Prevention is usually by the use of insedtdreated bed nets
and spraying of insecticide but according to therl/blealth Organization position statement on itis@te treated
mosquito nets, the insecticide treated bed netg-lasting insecticide nets, indoor residual sprgyand the other
main method of malaria vector control, may not bfficently effective alone to achieve and maintaiterruption
of transmission of malaria, particularly in hologemic areas of Africa.

Mathematical M odeling

In constructing the model we employ the followirggamptions. Compartmental diagram of the moddListiated
in Fig.1 and its dynamical equations are formulatedron, J.L.[3].

Human population model:

ds, _

= AT OR - (881, + BB, 1) S\~ (84 1) §, @
dlh _
E"]Ih +@pBl, +bB,1 )S — (i ta+ k) |, 2
dR, _
F_kylh_(:uh-i-a)Rh-i_HSw Q)

Mosquito population model:

ds,

e m— (€l + Uyt P)S,, @)
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Fig. 1: Compartmental diagram of malaria disease

Homotopy Perturbation M ethod

Recently, many authors have applied the homotoptyation method (HPM) to solve the non-linearipemns in
physics and engineering sciences [16-18]. Recéimdymethod is also used to solve some of the im@at problem
in physical sciences [18-20]. This method is a cmoaiion of homotopy in topology and classic peraditn
techniques. He used to solve the Lighthill equatibe Diffusion equation, and the Blasius equatibime HPM is
unique in its applicability, accuracy and efficign0-22]. The HPM uses the imbedding parametes a small
parameter, and only a few iterations are needeskdoch for an asymptotic solution. Using this mdthee can

obtain the following solution to (1) - (5) (see Apnplices B):

Sh = A_h+ (40 —_ A_hj e_93t + ( A + B gj e_93t
0, 0, n -4, 6,+ 6, 6, 6)
__ A cw-e-ep - B ot _ C (o6

n - 64 01 + 63 01
|, = 2e-9t - D, +_Da D, e P + tD, e O
D,-n-6,-6, D,+6, D,+68,-6, )
+ D3 e("7‘94“93)t + D4 eglt + D5 e(61—¢93)t

D,-n-6,-6, D,+86, D,+8,-6,
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3(40_%1]
2ky 64, | O3 ) | g0t o 2Ky
n-6,+6, 6,0, 6,-0, n-6,+86,

g(m_ﬂhj
oA, 05 ) oy

- - e
9293 ‘92_‘93

el7 =)t

:;U
I

(8)

Sn A_m+(500‘)l_mj e+ 2¢B5An +
0, 0, 8.,(n-6,-6,) n-6,-26,

)
2cﬁ2(5oo—ﬂmj
_ ZCﬂZAm e(ﬂ_gzt)t _ 61 e(’7—94_‘91)t
61(’7 _64_61) n _‘94_281
A
2cpB [500— m}
= 10e%t — 2cB,A, + ? 0, e Ot

91(’7_64_91) /7_64_291

(10)

N

2c,82[/1mj ZC,BZ(SOO—mj
+ 0, e (-8t 4 g, (1 -0.-6:)t
n-6,-46, n-46,-26,

RESULTSAND DISCUSSION

In this simulation, the population dynamics areeassd in conditions such thRg < 1. Thus we would like to show
the effect of vaccination, anti-malarial drug, asmtaying in a situation where the disease doepréagl. Simulation
is performed to demonstrate the effectiveness @fude of anti-malaria drugs on human populatiosraasquito
populations. In this case, it will be shown thatiacrease or decrease in the value of the parameatan alter the
basic reproduction numb@&g,.

In the human susceptible population, as shown gn2Hio Fig 4, the solution of,&ising HPM for fixed values of
y=p=6=0.05,0.1and 0.1 when the rate of vaccination value ang &lue also increased. If the

effectiveness of the use of anti-malarial drug;eseased, then it increases the number of subtegtumans as
well as the number of recovered humans, but itedees the number of infected humans. The use iefnafdrial
drugs given to human has also an impact on the mitosgopulation, as shown in Fig 5 to Fig 7, th&uson of I,

using HPM for fixed values ofy = p =6 =0.05,0.1 and 0.1lwhen the rate of spraying increased apd |

decreased in Human susceptible and Mosquito suBkept anti-malarial drugs, vaccines and spraying.

The same treatment gncauses a decrease in the number of infected nosgubut an increase in the number of
susceptible mosquitoes. Increasing or decreasitigeimumber of humans and mosquitoes in each tdassto be
equal to any increase in the effectiveness of the af anti-malarial drugs. The maximum number dédted
humans and mosquitoes occur$=25 days. At this point, the effectiveness leveP8% can reduce the number of
infected humans up to 23.81% of the total humarufatipn and can reduce the number of infected mitsegiup

to 5.88%. It is assumed that infected humans tieatth anti-malarial drugs by 10%.

In this case, it will be shown the effect of paréened and the basic reproduction numbyto the population
dynamic. In the human population, as shown in Ftg 8ig 10, the solution of Rusing HPM for fixed values of
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y=p=6=0.05,0.1 and 0.1lwhen the rate of spraying increased anddBcreased in Human Infected,
Mosquito Infected of anti-malarial drugs, if thdegftiveness of the vaccine is improved and therqtheameters are
fixed, then the number of humans in susceptiblerandvered classes is increased. It indirectly eaasdecrease in
the number of human in infected class. While, entfosquito population as shown in Fig 11 to Figth&,solution
of S, using HPM for fixed values ¢f = p =8 =0.05,0.1 and 0.lwhen the rate of spraying value and S
value also increased in Human Infected, Mosquitedied of vaccines, improvement on vaccine effectess
indirectly decreases the number of mosquito inciefe class.
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Fig. 2: The solution of S, using HPM for fixed valuesof )/ = 0 =0.05 andd = 0.05,0.1 and 0.
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Fig. 3: The solution of S, using HPM for fixed valuesof /= 0 = 0.1 and@ = 0.05,0.1 and 0.
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Fig. 4: Thesolution of S, using HPM for fixed valuesof )/ = 0 =0.15 andd = 0.05,0.1 and 0.
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Fig. 5: The solution of I, using HPM for fixed valuesof & = P = 0.15 andy: 0.05,0.1 and O.
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Fig. 6: The solution of I, using HPM for fixed valuesof & = P = 0.1 andy: 0.05,0.1 and O.
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Fig. 7: The solution of I, using HPM for fixed valuesof & = P = 0.05 andy: 0.05,0.1 and O.

Now we demonstrate the effectiveness of the usprafying on human populations and mosquito popuigtiln this
case we still assumed that infected humans conamntirenalarial drugs by 10% and we show the effégavameter

p and Ry on population dynamics. In Fig. 5 Human Infectbthsquito Infected of spraying, we can see that an
improvement on the effectiveness of spraying inrseeahe number of susceptible humans, but decrdasasmbers

of infected mosquitoes and recovered humans. IrfL&itp Fig 16, the solution of, ising HPM for fixed values of

y=p=6=0.05,0.1 and 0.1when the rate of spraying value apdralue also increased in Human Recovered

of anti-malarial drugs, vaccines and sprayin medlewtoward the vector population, the same treatndecreases
the population in both classes as spraying is atm@dosquitoes.
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Fig. 8: The solution of Ry, using HPM for fixed values of 0= P = 0.15 andy: 0.05,0.1 and 0.
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Fig. 9: The solution of R, using HPM for fixed values of 0= P = 0.1 andy: 0.05,0.1 and 0.
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Fig.10: The solution of Ry using HPM for fixed valuesof @ = P = 0.05 andy: 0.05,0.1 and 0.
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Fig. 11: The solution of S, using HPM for fixed valuesof & = P = 0.15 anQ/: 0.05,0.1 andO.
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Fig. 12: The solution of S, using HPM for fixed valuesof & = P = 0.15 anQ/: 0.05,0.1 andO.
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Fig. 13: The solution of S, using HPM for fixed valuesof & = P = 0.05 anQ/: 0.05,0.1 andO.
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Fig. 14: The solution of I ,using HPM for fixed values of 0= V= 0.05 ando = 0.05,0.1 andO.
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Fig. 15: The solution of I ,,using HPM for fixed valuesof @ = y= 0.1 ando = 0.05,0.1 andO.
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Fig. 16: The solution of I,using HPM for fixed values of 0= V= 0.15 ando = 0.05,0.1 andO.

CONCLUSION

In this paper, we have presented an SIRS-SI mddelataria disease. The malaria model non-lineferintial
equations have been solved analytically and numléricSimple and approximate dimensionless conedintrs are
derived by using the HPM for all values of dimemdgss parameters. The HPM is an extremely simpthodeand
it is also a promising method to solve other nadinequations. This method can be easily extenuldishd the
solution of all other non-linear equations. Thisgent method is quick and efficient and is ablsigaificantly the
amount of computations in simulations of this model

APPENDIX A

Basic Concepts of the Homotopy Perturbation M ethod

The HPM method has overcome the limitations ofiti@olal perturbation methods. It can take full adtzage of the
traditional perturbation techniques, so a consiueraeal of research has been conducted to appljdimotopy

technique to solve various strong non-linear eguati To explain this method, let us consider thiéoviong
function:

D,(u)-f(r)=0, rOQ (A1)
With the boundary conditions of

ou
B, (u,—) =0, rar A2
o ( an) (A2)

Where, D, is a general differential operatoB, is a boundary operatoff,(r) is a known analytical function and
I is the boundary of the domdh. Generally speaking, the operatof, can be divided into a linear paktt and a
nonlinear parN . Eq. (A1) can therefore be written as

Lu)+N(u)-f(r)=0 (A3)
By the homotopy technique, we construct a homotefyp) : Q x[01] — O that satisfies

H(v, p) = 0= P)[L(V) = L(up)] + P[Do (V) — f(r)] =0 (A4)
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H (v, p) = L(V) — L(up) + pL(Ug) + AIN(V) - f(r)] =0 (A5)

Where p[0,1] is an embedding parameter , anglis an initial approximation of Eq. (Al) that saigsf the
boundary conditions. From Egs. (A4) and (A5), weeha

H(v,0) = L(v) - L(up) = 0 (A6)
H (V1) =D, (v)-f(r)=0. (A7)

Whenp=0, Eq. (A4) and Eg. (A5) become linear equationfieWp =1, they become non-linear equations. The
process of changing from zero to unity is that ofL(v) - L(uy) =0 toD,(v)—f(r)=0. We first use the

embedding parametep as a “small parameter” and assume that the sokitid Egs. (A4) and (A5) can be written
as a power series i :

V=V, + pv, + piV, ... (A8)
Setting p =1 results in the approximate solution of Eq. (Al):

u=I’jr111v=v0+vl+v2+.... (A9)
This is the basic idea of the HPM.

APPENDIX B

Solution of Nonlinear Differential Equations (1) - (5) Using HPM
In this appendix, we indicate how (6) — (10) irstbaper are derived. To find the solution of (I%); they can be
simplified to

d
34 -OR S L+ 1, § +6, §=0 ©

di

d_;_”'h‘aﬁ15f1|h—b32$1 I, +6,1,=0 (B2)
({j—?‘—kylh+92Rh—HSh:O (B3)
S +0B1,5,+6,5,=0 (B4
di

d_;:n_cﬂslhsm_ellmzo (BS)
where

O =yt P, O,= Uyt 0, O;= 4, +6, 6,= [, +a+ )k (B6)

In order to obtain the solution of (B1) — (B5), first construct a homotopy as follows:
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(1- p)_d_sj_/]h"'es%]" F{ﬂ‘/‘h‘aﬁ’ﬁ a?l SRR ﬁz $r’1+63 %ZO

(1-p) CLI -nl, +94|h}+p[dd lh_aﬂlshlh_bﬂzsn|m+64lh}=
_ o 9R aR _ _gs|=
1-p) Tt +0, Rq} P[ p ki+6,R-6 Sﬂ} 0 (B7)

NS ds, _ -0
0-p) S, a8, |+ 0| S, 18,10

[dI dl
(1—p)_ it HI} p[ﬁ—cﬂalhs HI} 0

The analytical solutions of the system (B1)-(B5 ar

S$=%* PR+ P St

I, =1 +ply +p°,+

R.=Ro* PR+ B R+.. (88)
S0 = S0t PHT P RF.

I =l +Pl g +P71 o+

Substituting (B8) into (B7) and comparing the caédit of like powers of p in (B7), we get

d
p°: io A+ 65, =

O.dIhO
Cdt

d

p’ :—dj*{“ “An+6S,=0

Ny *+6,1,=0

0. Al _ _
p-: dt 1'mo —
(B9)
1. 04§,
p -__JR10+aﬂ1$0 R+ B, R dotb; 9=0
pl:%_”Ru aﬂl%o Ro_ Wz §) nlO+64 R=O
plzdqu kyR,+6,R,—6 §,= (B10)

d
p1:—3“1+c,83|hosm—elsm=o

pdly
Tt

The initial approximations are as follow

=B 1S =611,y =0
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5,(0)=40, I, (0= 2,R, (OF 0., (OF 500}, (& 1
S0 =1,() = R(D=S,() =1 () =0,i=1,2,..0

Solving (B9) and using the boundary conditions (Bixde obtain the following results.

Sho :i+(4o—ﬂj e

&, 6;
lo= 2p7-6:)t
R =0

A A <
=M 4+ 500--" | g%
=0+ s00- )

1 1

|, =10e%

Solving (B10) and using the boundary conditionsi(Bive obtain the following results.

s, :( A, B g] s A goen_ B g Cgay
’7_04 ‘91+‘93 01 ’7_‘94 ‘91+‘93 01
- - Ay — A
whereA= 4@p4 ,B= 105, | ,C= 165, 40"
&, o,
|h1 = _|: D, + D4 + D, :|e—D11 + tDze—Dlt +# &GNt
D,-n-6,-6; D,+6, D,;+6,-6, D-n-6,-6,
+ D D5 g
D, +6, D,+6,-6,
where
— — Ay — Ay — An — Ay
D,=6,-n,D,=2ap,|— |, D,= 28, 40-—" | ,D,= 103, — | ,D.= 106,| 40——"
o, &, s &,
.9(40—"hj 9(mj
R, =|- 2ky + &, + G &% 4+ 2ky o _ A, _ b &
n-6,+6, 60, 6,-0, n-6,+6, 09, 056,
2c@(500—ﬂ 2;82( 50(}""*J
S, = 2cBA, 6)|g__ 2BA  gar_ b) go-ar
8(7-6,-6) n-6,-26, 6.7-6,-6) n-6,-2,
A Am Am
o206 ZCIBZ(SOO_ 91) oot 4 ZCﬂZ( 6, j RN ZCﬁz( ol 91] 1-04-0,
" 91(/7_94_91) /7_94_231 ’7_94_31 /7_94_291

According to the HPM, we can conclude that
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Sp=lim p-18§()= S+ &+ R+
I, =limp - 11, @A)=1, 0+t ,,t...
R, =lim p-1R(9= Ro+ R, + R, +...

=lim p-18()= St St S+
I

S
=limp -1 ®)=1 o+ +1 o+...

(B22)
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