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ABSTRACT

Limit theory mainly study independent random variables, but in many practical problems, samples are not
independent, or the function of independent sample is not independent, or the verification of independent is more
difficult. So the concept of dependent random variables in probability and statistics is mentioned. Exchangeable
random variables is a major type of dependent random variable. By using reverse martingale, censored and other
methods, in certain relevant conditions, we extend some conclusions to the exchangeable random variables, and
obtain several conclusions of the convergence of exchangeable random variables.
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INTRODUCTION

If the joint distribution ofX , X,,---,X, is permutation invariant, for each permutationofl, 2,--- N, the joint

distribution ofX, X,,---, X is the same of the joint distribution ﬁzt(l)’xn(z)"“’xn(n)’ so the finite random variable

sequenceX,, X,,---, X, iS exchangeable. Obviously, the independent andtigidly distributed random variable
sequence is the simplest exchangeable random imsaquence. The concept of exchangeability wasgioposed

by De Finett[1] in 1930, people using the De Fingteorem has made some results (see [2]-[3])hik paper we

extend the results of Katz and Baum theorem incthvadition of independent and identically distriltiteandom

variable sequence to the results of Katz and Bdwgarem in the condition of exchangeable randonabées. We

obtain the Katz and Baum theorem for specific foohexpression in the case of exchangeable randoiahbles.

PRELIMINARY CONCEPTS
Definition [4]: when on thefo,oo) the positive functiom(x)(x_, w) is slowly varying function, as for all

| CX) =1- About slowly varying function with the following pperties:if it is slowly varying function

when I(x)(x - ®), SO

() _ o0 ol (x+u
1) IX'TOW‘L Ot >0, “ﬂ%

()~ oy
@ im_sue 112 = Jim, int.; (zk)
I

(3) lim x°I (x) =0, 0&>0, lim x°(x) =0

X — 00 X - 00

=1, Ou=0;
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Lemma 1 SupposéX ;n = 1} areexchangeable random variablesid satisfy
Cov(f,(X,), f,(X,))<0
Om=2, A, A, A,is{1,2,-- n} twenty-two disjoint non-empty séft f,,i =1,2;--,m each argument is a

function of both the non-drop (non-litess,
(1)if f, 20,i =1,2;-- m,we obtain

E(” fi(Xj,jDA)jslefi(Xj,jDA)
2 OxUORiI=12;--m

P(X, <%, X, <x,) < |‘J P(X; <x)

Lemma 2 SupposéX, ;n = 1} areexchangeable random variables
Cov(f,(X,), f,(X,))<0
EX,=0,X,|<b, as(n=12,),t>0and tmaxh < 1sou>0,we obtain

I<izn
P[ 2u]32exp{—tu +t2)° Exf}

i=1
n k
Proof: because Z& S g% ,|tXi| <laswe obtaidYn| <eas..so
=

n

5%

i=1

By Lebesgue Theorem control convergence,we obtain
E(txi )

2w 1
2 <1+E(tX,) kz;‘ﬁ

<1+t°EX* < e
By Markov inequality and lemmai(1),we obtain >0,t > 0,4

n n
ty X

n Y X
P[in >uj:P e® >e"|<e"Ee™

We use-X; instead ofX|

P(i(—xi) g “j - P(i(xi) < -UJ < exp(—tu 2y Exin

i=1 i=1 i=1

n

Zx

e g $nen

< 2exr{—tu +t22 EX; j
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THE MAIN CONCLUSION
Theorem: Supposéxn yn= ]} are exchangeable random variableand the P moments is exist,wigea p < 1it is

an arbitrary random sequeneehenp > 1it is exchangeable random variabtdszero meanwhen0< p< 3,

s’ )<cZE|X|p

whenp > 3,

) | p/3
E(rggﬂsj‘p)sc{élf‘xj‘p+[;Exizj } (1)

Proof: wherQ < p < 1,by Jensen inequality, we obtain

i P i P
Sj|P):E[Eg>*Z=l:Xi js E[]gj]sn ;quj

j p
< E(Zl:|xi|j SZ;:E|X °
Sj‘ )scz E|X|is right.
i=1

(max
I<j<n

E(max

I<js<n

i=1

SOE(max
I<js<n

whenp >1,it is easy to prove the following inequality:

[1+t)° <1+ pt+ ZPt° ,OtOR 0< p<3

[L+t)” <1+ pt+ 2 pt*+ 2|t|° ,OtOR, p>3

supposé = X/ y by the above formula1x, Yy JR, we obtain

x+y]° :|y|p(1+ﬁjp s|y|p(1+ p2+ 20X pJ
y y y

<2°|x"+ px|y|” " sgny 0< p<3 )

[x+ " <[X" +[)" + pxsgny+ Z p*|y|"" .p>3

]_]<n S‘ —{m<n S‘}
<{max(08 ;- §)}"+{ max 08 - 58,)}"
<2 {max(08 ;- 8)}" + 2°{ maf 6: 5+ 58}’

p

p
<2r? max$s, +2°r1

I<j<n

becaus® < j < n—1,we note
M, =max(X,, X, + X Xyt Xzt #X,)

0< Mj,n:max( 0X g Xt Xip i Xjug# Xyt v #X,)

max(—S. )

I<j<n )

®3)

j+2’.”

j+1

First we proveE(max
I<js<n

S, ‘p) <c) E|X,|",from0< p < 3,we use the formula of (2), we obtain
i=1

p
maxs, :‘M
I<j<n

< 22—p|xl|p +‘M1,n p

Bl < Z7PIX) + NS+ pX M5!
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<2” p2|x|"+p2x M P (4)
becauseXj and M fnl are non-drop each on the corresponding variabley talso satisfy
COV( £(x,). f,(M jp,ﬁl)) <0, and we notic&X; =0,s0
E(X;MP)<EX,EM/'=0,0< j<n-1
by the above formula and (4), we obtain
E( maxs, j< Z'pzn:E|xi|"

i

i<j<n
In the course of discussion, we us¥, instead ofX; ,we also obtain

E(max( J)‘ )<2”ZE|X| (5)

I<j<n
form(3),(4) ,(5),we knovE(max

I<j<n

sj|p) < CZ:‘E|Xi|piS right.

Let us prove the case whps 3,
In order to improve(1),we first prove

E(LJ<n s| )<CE[ZX ]p/s

We note ¢, =3, ¢, =3° p° becausg >3, |x+y|” <|¥" +|y|” + pxsgny+ p3|y|p_3,we obtain
p

_ p
_|M0,n

maxSj
I<j<n

<g|X +ME + pXMET+c XM 52

:‘X1+|\7|ln‘p

scl|x1|"+\|v| W+ PXM P +C XM G2

<q2|x |” + pr M p'l+c22x2|\/| P2
obV|oust§(jL OS j<n- 1,We obtain

M P2 = (max(S S+ X Sy X+ X,
<<

from E(Xj M J.Fj;l) < EX,EM/;*=0,0< j <n-1and all of the above, we obtain

E(T%s j<c{ZE|X|p+E(ZX m<a>+s| J} 6)

max(—Sj )‘ . So from (3)and (6), we use the Inequality of Hiijaie obtain
E(

I<j<n
n n p/3 ¥p (p-2)/p
ol st | e

S+ Xt ,Jan)—Sj)p_3

max$S,

j<ksn I<j<n

+‘Sj‘p_3Js c ma#S ‘

n n p/3
p
anle<13<S‘ J<c{;E|Xi| +E[;Xi22}2ﬁ5j‘ ]}
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p/3

<o e 2o $x |+ 22 emas )

.|'D above from right to left, we obtain

We move the formulg max
I<jsn

s )<c{ZE|x|p+E{(Zx j/}}

fromp>3,500<3 p<1so

iZ;:E|Xi|p = E(§;|Xi|P] - E{[QXJPTP}WS ) E(IZ:; xisz/g

We obtain
p/3
s/’ )<CE[ZX ]

Finally we prove the formula (F_f(max
I<j<n

(max

I<j<n

E(max
iI<j<n

s’ )<C{ZE|X| +[J 1Exj2]p/3}

We noteX;" = X1 X" ==Xl 5 <) -and suppose

o) ) e

(xi20)”’

obviously,E

i

) <EX? E i') < Ex2,from(1),we obtain

(%
el

I<jsn o

<ol (200 v S06 )|

{[ 5+ZE X Zj +E(Z/7I+ZE( )jp/s}

e ofgn] 3o

Here we use (7) ,and use the proof of inductiopgsop we prove(1). First we notice tifats non-decreasing

I/\

function ofX;, 7 is non-increasing function of;, {&;i =1 and{r7;i =1} still is the exchangeable
random variables with zero mean,And satisfies

Cov( f.(&4.), fz(gfz)) <0, Cov( f.(7.), fz(/yz)) <0
When 3< p< F,1< p/3< 3,from the above, we obtain

P
E(LJ<n axs|” )<CZE|X |

Etiéng < CiZ:‘E|.;ﬁ|p/3 sc{i E(X')" +Z":(E(Xi+)z)p/3}

i=1 i=1 i=1

n p n p/3
sc{ZE|Xi| +(ZEXi2j } (®)
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n p/3
The formuIaE(Zm] also is right ,from the formula(8)we obtain (1)ight.

We suppose that whah™ < p<s 3k(k > 2) is right,so (8) is right,wherBk <ps 3“1,(8) also is rightUse
the induction hypothesis

(S| <ol Sl o(See] |

i=1

whenp > 4, from the inequality of Holder,we obtain

Zn:EXi“:ZZ: [( 2\ pz>(|xi|p)s/(p—z>]
S (e

From the real number of Hélder inequality, we know

n . p/4 n , p(p-4/4p-3 , . o/ qp-2
(o) <(Eee)” (o)
p_4 n p/3 P n b
- ,2 _— .
SZ(p-Z)(;EX'j +2(|o-2);E|X'| ©

from(8) and (9), we obtain
n p/3 n n p/3
E(Zgﬁj sc{ZE|xi|p+£ZExfj } (10

We also obtain

E{Znijp/ssc{z E|X | +{Z Exsz/s} (11)

i=1

from(7),(10)and (11),we know (1 )is right.
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