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ABSTRACT

A parametric design problem of the finite time observers for the linear time-invariant systems and some important
properties of finite time observers are investigated in this paper. Based on the parametric solutions for a class of
Sylvester matrix equations, the parametric expressions of all the gain matrices for the finite time observers are
proposed. Based on the above design results of finite time observers, the corresponding transfer property and
separate principle for the finite time observers are proved, respectively. Finally, a numerical example shows the
effectiveness of the proposed design method, the transfer property and the separate principle of the parametric finite
time observersin the linear time-invariant systems.

Key words: Linear control system, finite time observer, partarieation, transfer property, separate principle

INTRODUCTION

Since state estimation is initially proposed in théerences [1-2], the theory of observers that remonstruct the
state from measurements of the input and outputheflinear control systems, has gain much attestioh
researchers, such as [3-5]. However, in most cbm@ngineering realizations that pursuit some gogsitesn
performances, it is necessary and important theteitimation error can be convergent in predefiivdte time.
Thus the convergence in finite time becomes aadiwe feature in the literature of state estinratizeory and also
attracts the attentions of researchers, such as [6-11]. Ind@&Jpntinuous-time observer that comprises two stahd
observers and a delay is design and can obsensateeof the linear system in predefined finiteetiexactly and
almost any convergence time can be assigned, indepe of the observer eigenvalues. In [7], a firtitae
functional observer for linear systems that camegte directly linear functions of the state ofireelr system in a
given finite time is proposed. In [8], a finite #®munknown input observer for linear systems witknawn input
disturbances in a predefined finite time is desigrie [9], besides deriving general conditions thaarantee finite
time convergence, the design of observers withefigbnvergence time for continuous time linear tivaeying
systems is studied. In [10], the finite convergeticge of the impulsive observer is achieved by tipdathe
observer state based on current observer datériiteatime interval. In [11] and [12], the paramietdesign of finite
time functional observers in linear time-invariaystems and robust finite time functional obsenyerancertain
systems are investigated, respectively.

From the above knowledge of the finite time obsexa linear control systems, we can find that theearchers
focus on the design of the finite time observerd Hrere are few results about the properties offitlite time

observers. Thus in this paper we will give a pataimelesign method of the finite time observershe linear

time-invariant systems. Based on the results opttrametric solution to a class of Sylvester matguations in our
preliminary researches of [13-14], we will desifpe parametric expressions of all the gain matroeshe finite

time observers and propose the corresponding #igoiof designing the finite time observers. Basedhg design
results of the finite time observers, we will prae corresponding transfer property and separateiple for the

finite time observers.
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PROBLEM FORMULATION
Consider the linear time-invariant system in thieofeing form

X(t) = Ax(t) + Bu(t) )
{Y(t)=Cx(t) 'X(to)—xo,tzto(l)

q
where X00O" , ubo ° and ybt are the state vector, the input vector and thepuiutvector,
respectively,AD o™ , BO 0% and COO*" are known matrices satisfying two assumptions as

Assumption AL "akB)=p 5n4 rankC)=g.

(A C)

Assumption A2: The matrix pair is observable, that is

rank[sI—AT CT]=n OsO0

Consider a pair of observers of system (1)

2(0=(A-LOZO+LyO+Bu@), i=12t21

L o™

zi(t)}
z,(t)

n e
where are the gain matrices anfl = ! =12 4re the state of the observers. Set

Z(t) = {

The pair of observers (2) can be written in théofeing compact form

z(t) = Nz(t) + Ly(t) + Hu(t) ®)

MRS NERH
N = L= H =
Where 0 N, L], BI N, :A_L‘C(4)

Assume that the state estimation of system (1pbierver (3) is designed as follows
X(t) = M[z(t) —e"° z(t - D)] 5)

where D >0is a suitable chosen finite time.

Definition 1. Given the linear time-invariant system (1) sgtis Assumptions Al and A2. If there exist constant

nxq . _ nx nx2n
gain matrices L oo (! ‘1'2) in (2) or LOO™ (3) and M OO™ jn (5) such that the estimation error

o) = X0 ~X(0) g,

can be convergent to zero in a finite tinfkk and stays bounded during the convergence inte[tl\?al t+D] , the
observer system (2) with (5), or the observer syst8) with (5) is called as a finite time obsergdrthe linear
time-invariant system (1).

Theorem 1. Given the linear time-invariant system (1) sgtis§ Assumptions Al and A2. Problem DPFO has a

n

I
- T=
o . . i = . T T { } . .
solution, if and only if the matnce.i,\li (! ‘1'2) are Hurwitz and[ J with ly exists. In addition,
there holds

M=[1, o][T eNDT]’lm

701



Wang Shu-fan and Wen Yong J. Chem. Pharm. Res,, 2014, 6(7): 700-707

Based on the existing condition of finite time atvees for linear systems in Theorem 1, the desigiblem of
parametric design, transfer property and separaiaciple problem for the finite time observers imédar
time-invariant systems can be described as follevksch can be denoted by Problem DPFO.

Problem DPFO (Design of Parametric Finite-time Observers). Gitlamlinear time-invariant system (1) satisfying
Assumption A1 and Assumption A2. If the finite timdservers (2) with (5) or (3) with (5) exits, detne the

nxq . _ nx nx2n
parametric expressions of the gain matriéégD (! ‘1’2) in (2) ork 00" (3), and MOO™ jq (5)
such that the estimation error (6) converges to ire finite time D and stays bounded during the convergence
interval [t &%+D] for a suitable chosen finite time deldy . And then based on the above design results of
finite time observers, prove the transfer propertg separate principle for the finite time obsesvarlinear time-
invariant systems.
SOLUTION TO PROBLEM DPFO
1) SOLUTIONSTOMATRICES b, 112 AnDp M
Without loss of generality, we assume that the Htzrwnatrices Ni, =12 have distinct and self-conjugate

T

eigenvalues. We denote the eigenvalues and theiesgonding eigenvectors of matricé\é bysKi o , and

Vi LU (K=12;--n 1=12) yegpectively. Then there exist

N'v, =(A-LC)"v, =5V, (k=1,2,--- n i=1'2)(8)

Denote

N :diag(s.l.i S i ’Sni) i=12
and ,
Vi=lvy vy o vl =12

By writing (8) into a compact form, we can obtain

AV -C'W =VA, =
i i i | 1;2(9)

T .
where M =LV 1=1,2 10

Further, equation (9) can be written into the faflag matrix form

_ Vie | _
[Silpen = AT CTH;m}—O

k=1,2,"' ,n, i :1’2(11)

T T
Based on the dual theory, the matrix péﬁ’“ C) is observable is equivalent with that the matrik pgA .C )is

N(s) 00™[g D(s) 0 0%

controllable. Therefore, there exist two polynonmeltrices and such that

[s-A" CT]{N(S)}:O
D(s) , Os0O0 (12)

q —
Comparing (11) with (12), we know that there mussiea group of parametric vectord« 0o ( k=12;--n

=12y qych thdt*
|:Vki } _ {N(Ski):|
= O
Wki D(Skl) , k=1,2,"',n' |=1,2(13)
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Based on equations (10) and (13), we can give dhanpetric expressions o\ﬁ and W , (i =1 2) in (9) as

Vi =[N(s)g; N(s;)g; - N(s,)9, |
and
W =[D(s)g; D(s;)9; - D(s,)9y |

L 15124

, i =1,2(15)

Based on (10), (14) and (15), we can obtain
— SINT
Li - (\/VI\/I ) , | =1,2(16)

. a4 1=
In order to guarantee that the gain matrhei' ‘1'2) are real, the free parameter vect®r oo (k =120

=1 2) must satisfy the following constraint:

Constraint €1.% = S < G¢ =G, Lk=12;--n i =12

ND
If the matrix [ ] is inverted, from (7) and (14) we can obtain thegpetric expression oM 00" 55

M =[1, Onxn][T eNDT]_l(n)

where the matrix€" can be parameterized by
e’ =diagl, v, )" diade™® &) diag( V;

and Vi, =12

(18)
are determined by (14).

2) TRANSFER PROPERTY OF THE FINITE TIME OBSERVERS
Theorem 2. Given the linear time-invariant system (1) safisfyAssumption Al and Assumption A2. Then there

holds that the closed-loop transfer function ofteys (1) under state feedback™ KX+V of the finite time
observer (2) with (5) or (3) with (5) is equal tat of system (1) under state feedbaék KX+V

Proof. The closed-loop system of system (1) untite seedbackU = KX+V can be given by

{)‘((t) = (A+BK)x(t) + Bv(t)

y(t) = Cx(t) 19)

It is easy to obtain its closed-loop transfer fimcttas follows
W(s) =C[sl -(A+BK)]™'B (20)

The closed-loop system of system (1) under statgfack Y = KX+V' of the finite time observer (2) with (5) or (3)
with (5) can be given by

X(t) = AX(t) + BKMz(t) - BKMe"° z(t — D) + Bv(t)
2(t) = (N + HKM ) z(t) + LCx(t) - HKMe"° z(t — D) + Hv(t) (21)

We can rewrite (21) into a matrix form as follows
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)] [ A BKM [x()
[Z(t)}_{LC N+HKMHZ(I)}
BKMeND} B
- b z(t—D){ }v(t)
{HKMe H (22)

By using the Laplace transform to (22), we caniobta

S|:X(S):|: A BKM -BKMe"Pe™® {X(s)}
Z(s)| |LC N+HKM —HKMe"™e™® || Z(s)

{ B}V(s)
H (23)

Then system (23) can be written in a simple form as

A BKM — BKMe\Pe ™™ [C q
LC N+HKM —HKMe\Pe™®s ’
Denote

ool 1] ool ]

Based on (7), we can obtain

(24)

A BKM -BKMe\Pe™
Q_LC N +HKM - HKMeD‘DS}
[1 0] A BKM-BKMe™e® |1 0
T J[Lc N +HKM — HKMe° ‘DSHT J
[ A BKM - BKMe'Pe®® 0)
“|LC-TA -TBKM +TBKMe""e™ + N + HKM — HKMe'® ‘DSMT J
[ A BKM-BKMe™e™]|[1 0
“[LCc-TA N MT J
_[ A+ BKMT -BKMe"®e®T BKM - BKMe' e
B LC-TA+NT N }
_[A+BK BKM -BKMe\Pe™®
| o N }
and
B] [B
Q_H}{o} c.P=[C 0]

Under the transformation the closed-loop systenm ¢2124) is equivalent with the following system

ND —DS
([A+BK BKM — BKMe HB][C O]J
0 N 0
(25)

704



Wang Shu-fan and Wen Yong J. Chem. Pharm. Res,, 2014, 6(7): 700-707

It is easy to find that the transfer function o ttlosed-loop system (21) or (24) is same with ¢ig®5), and the
transfer function of (25) is equal to (20), whishthe transfer function of (19), because the falhmwesult holds:

-1
+ _ ND -Ds B
[C 0] g - A+BK BKM -BKMe™e
0 N 0

[ o][[S'-<A+BK>]‘1 . ]m

0 (s =N)*
=C[s -(A+BK)]"B

3) SEPARATE PRINCIPLE OF THE FINITE TIME OBSERVERS

Theorem 3. The eigenvalues of the closed loop systemhi@iihear time-invariant system (1) via the statedback
U=KX+V of the finite time observer (2) with (5) or (3)ttvi(5)) are equal to the sum of the eigenvalues
A(A+BK) 4t the closed loop system for the linear time-iisat system (1) via state feedbaék™ KX+V and

the eigenvalues/‘(N) of the finite time observer.

Proof. From the proof of Theorem 2, there holds

Q A BKM - BKMe"°e ™ _|A+BK BK
LC N+HKM -HKMe"e™ 0 N

AYC =
We can know that the matrix
there holds

[ A BKM — BKMe"°e ™™

_ ND -Ds
LC N+HKM -HKkMe™e } is equivalent with the matrixA+ BK | thus

A(A) = A(A+BK)UA(N) .

ANUMERICAL EXAMPLE
Consider the linear system (1) with the followiraygmeters as

2 1 1 0
A= 0 -1 1| B=|1 o[t oo
0 0 -3 1 “lo 10

It is easy to see that the matrix pa(i’ro"c) is observable. Thus we can utilize the proposeadmetric design

method of finite time observers in this example. ¥de calculate the polynomial matriéggs) andD(S)

(24) as

satisfying

s+3 -1
N(s)=| O -5’ —5s—
(s) D(s) = s°—-5bs-6 s+2
1 s+3 -s-2
For simplicity, we select the eigenvalues of thewltz matrices N , =1, 2by 1= _2, S = 7148 ,

$u=7178] g9 S = ~10 5, =3+ 3] , S2=73- 3] , respectively, and

|2 | 2+3j | 2-3j | 3 |1+ 2j | -1-2j
O = 1 91 = 1+ 6] Oa = 1- 6j 91, = -2 9 = 6+5j Os2 = 6- 5

We can obtain
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[-4.0074 -0.874
L, =|26.4113 2.007
119.2167 3.315

and
8.7849 0.208
L, =] 13.948 1.2151
114.2695 - 10.205

By selecting D =0.8 we can obtain

[-0.1452 -0.1332 - 0.0601 0 0
1.6752 0.2285 - 0.1548 0 0
o = 1.5072 0.1619 0.314 0 0
0 0 0 -0.1379 0.0759 0.003
0 0 0 -0.151 0.0674- 0.040°
0 0 0 -0.9897 0.524 - 0.002:

0.2855 0.0089 0.0495 0.7145- 0.0089
M =|0.0662 -0.0744 0.1151- 0.0662 1.0744
1.8578 0.0189 0.338 - 1.8578- 0.0189

0
0
0

0T

0.0
0.1

0.6

Substituting the above matrices into the finitegiabserver (2) with (5) or (4) with (5), we finigte design of the

finite time observer.

Assume thatu(t) =sint
andzo:[l 2 457 8

is the input signal of the system (ﬁ(? =i
is the initial state of the finite time observ@y using the function ODE45 in

2 -17 . -
is the initial state of the system (1)

Matlab, we can give the simulation figure to congp#inre state of system (1) and the finite time oleewith
D=0.8 jp Fig. 1. From Fig. 1, we can find that the esrbetween the linear system and the designed finike

observer almost converges to zero in the finitetifd = 0.8,

1

05

~o=

the first components

:
------ observer
system

-0.5 !
3

o
=
N

t/sec

o
)]
(<2}

D=0.8

Figure 1. Thefirst state components of thelinear system and the finite time observer with

In addition, we select the eigenvalues of the ddsep system for system (1) under state feedbdckKX as
—6+7 , —6- 7 and 4. The corresponding gain matrix of state feedbaadbiained as

K =[-130 56 -66]

By Theorem 2, the closed-loop transfer functionbath system (1) under state feedbdék KX+V' of the finite
time observer (2) with (5) or (3) with (5) and ®yst(1) under state feedbadk= KX+V  are
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s+2
S+728° + 283+ 2

s+4
S+728° + 283+ 2

And by Theorem 3, the eigenvalues of the close@-legstem for the linear time-invariant system (iB) the state

feedback U= KX+V of the finite time observer (2) with (5) or (3) ti(5)) are same with the sum of the

A(A+BK)

eigenvalues of the closed loop system for the linear time-ievat system (1) via state feedback

U=KX+V and the eigenvalueé‘(N) of the finite time observer, which can be given by

{-6+7,-4-1+ § - 10 3 B
CONCLUSION

In this paper the design problem and its propentiea finite time observer for linear time-invartasystems is
studied. The proposed finite time observer mergesadvantages of the individual observers, sucfinds time
convergence. And the transfer property and separateiple for the finite time observers are gtidlld for the finite
time observers. Finally, the parametric design wetbf the finite time observer has been demonsirate a
numerical example and the simulation results shbat this parametric design method, transfer prgpand
separate principle for the finite time observeeseffective.
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