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ABSTRACT 
 
In this paper, let mM  be an m-dimensional submanifold without umbilical point on unit sphere, we prove two 
Moebius sectional curvature pinching theorems, which give the characterizations of Clifford tori and Veronese 
submanifolds by the Moebius invariants. 
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INTRODUCTION 
 

Since Wang (cf. [1] )using conformal differential geometry to establish the theory of conformal differential geometry 
of submanifolds, and submanifolds are obtained fully invariant system under the conformal group, the conformal 
differential geometry research has made great progress.  Many conformal submanifolds in differential geometry 
was classified completely (cf [2-6]), which  apply the invariant system---Moebius form, Moebius second 

fundamental form B, Blaschake tensor A, and then submanifold of unit sphere 
nS  is given a number of important 

Moebius characters. In this paper, we prove two Moebius sectional curvature pinching theorems, which give the 
characterizations of Clifford tori and Veronese submanifolds by the Moebius invariants [7]. 
 
Orthonormal frame field and Riemannian curvature 

Let M be a m-dimentional Riemannian manifold, meee ,,, 21 L
a local orthonormal frame field on M, and 

mωωω ,,, 21 L
is its dual frame field. Then the structure equation of M is given by: 
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where ijω
 is the Levi-civita connection and ijklR

the Riemannian curvature tensor of M.  Ricci tensor ijR
and 

scalar curvature are defined respectively by: 
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MOEBIUS INVARIANTS 
 

Let 
2

1
+nR is a n+2-dimentional Lorentzian space, 

),....,,( 110 += nxxxX
, 

),.....,,( 110 += nyyyY
, define: 

 

111100 ......, +++++−>=< nn yxyxyxYX
                                                   (2.1) 

 

Let 
nm SMx →:  is an Immersed submanifolds without umbilical point on unit sphere, and position vector 

),,1( xY ρ=  
 

)(
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m

m −
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=ρ
                                                                (2.2) 

 

then dxdxdYdYg ⋅>==< 2, ρ  is Moebius invariants. 
 

In the unit sphere, let 
},,,{ 21 meee L

a local orthonormal frame field on M, and 
},,,{ 21 mωωω L

is its dual 

frame field. where mlkji ≤≤ .....,,,1
； npmm =+≤≤+ ,.....,1 βα , then 
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where A is Blaschake tensor, B is Moebius form, φ  is Moebius second fundamental form, then we get the equation 
as follows： 
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αααα δδ jikkijjikkij CCBB −=− ,,                                                               (2.5) 
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Where ijklR
the Riemannian curvature tensor of M, R is is the normal Moebius scalar curvature of M.  

 
PINCHING THEOREMS ABOUT MOEBIUS SECTIONAL CURVATURE 
Lemma 1 

42
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                 (3.1)                                 
if and only if 

)(i 1=p  

or  (ii) 2=p , 
21, ++ mm BB  at the same time as 
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Lemma 2   

Let SMx m →:  is submainfolds without umbilical point on 
nS , 

1Ra ∈∀    
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Theorem 1 Let 
m nx : M S→ )( pmn +=  is submainfold without umbilical point in

nS , K is the infimum of 
the sectional curvature, then:  
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)(Mx  is Moebius equivalent to a Versonese surface in 
4S , or is equivalent to Clifford tori in 

1+mS , 

)()(
m

km
S

m

k
S kmk −× −
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Proof of Theorem 1  

Let pmnSMx nm +=→ (: ) is an submanifolds without umbilical point on unit sphere, K is the infimum of 

the sectional curvature, In Lemma 1, let 0=a , then: 
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Then  
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Because 
0=∇B

  0=φ , according to the lemma 2, we get the following: 
 

(i) 1=p , 0K = , )(Mx  is Moebius equivalent to a Clifford minimal tori 
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(ii) 2p = , 81=K , )(Mx  is Moebius equivalent to a Versonese surface in 
4S   

 

Theorem 2 Let 
m nx : M S→ )( pmn +=  is submainfolds without umbilical point in
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)(Mx  is Moebius equivalent to a Versonese surface 
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Proof of Theorem 2 

Let pmnSMx nm +=→ (: ) is an submanifolds without umbilical point on unit sphere, K is the infimum of 

the sectional curvature, in Lemma 2, let )2( += mma , from (3.3) and 
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Then 
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From 
0=∇B

 we obtain 0=φ , Let 1 2{ , , , }me e eL
 is a local standard orthogonal basis on TM, 

ijiijA δλ=
, ijiijD δλ=
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From (3.7) take the equal sign, get all the iλ
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From (3.9), we obtain )1(2
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From (3.9), we obtain R=K= )]1([1 +mm . )(Mx  is Moebius equivalent to minimal submanifold in 
nS , then 
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 . 
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